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Abstract

There are fast known algorithms to compute
the transitive closure of a fuzzy relation, but
there are only a few different algorithms
that compute T-transitive low
approximations of a fuzzy relation. A fast
method to compute a T-transitive low
approximation of a reflexive and symmetric
fuzzy relation is given for any continuous t-
norm, spending O(n’) time.

Keywords: Fuzzy relation; transitive closure;
low T-transitive approximation; T-
indistinguishability.

1 Introduction

Clustering applications often need to compute fuzzy
equivalence relations from reflexive and symmetric
fuzzy relations. Similarities and T-
indistinguishabilities fuzzy relations are used to
represent the concept of equality and
neighbourhood, generalising the classical
equivalence relations. Some of its applications are
found in some classification and clusterization
methods, allowing to distinguish and ‘classify’
objects. All the a-cuts of a Min-transitive fuzzy
relation (which are the classical relations defined by
the couples of elements that have a degree of
relationship greater or equal than o) are transitive
relations [Zadeh; 1971]. This property does not
stand for any other t-norm different from the
minimum. Only the t-norm minimum satisfies that
always the Min-transitive closure operation
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commutes with the transitive closure of the o-cut
classical relation.

The algorithms that compute T-transitive fuzzy
relations are useful in several braches of artificial
intelligence. The transitivity property of fuzzy
relations can be understood as a threshold of a
degree of relation (for example equality) between
two elements, when a degree of relation between
those elements with a third one of an universe in
discourse is known. The classical concept of
transitivity is generalised in fuzzy logic by the T-
transitivity property of a fuzzy relations, where T is
a triangular t-norm.

Sometimes it is important to held the T-transitivity
property of a fuzzy relation, and the colleted
knowledge is represented in a non T-transitive
relation that can be changed by another T-transitive
relation as close as possible. Given a fuzzy relation
R (or a directed graph) it is well known the concept
of T-transitive closure R', which is the lowest T-
transitive fuzzy relation that contains a given fuzzy
relation.

On the last years some authors have developed new
and fast algorithms, especially to compute the Min-
transitive closure of fuzzy relations, however there
exists a few methods to compute several low T-
transitive approximation of a given fuzzy relation,
but in general it does not exist a unique low T-
transitive approximation.

This paper proposes a fast method to compute a T-
transitive low approximation of a reflexive and
symmetric fuzzy relation, for any t-norm T.
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2 Preliminaries

Let E = {ey, ..., ey} be a finite set.

Given a fuzzy relation R: ExE — [0, 1] it is called e;;
to the relation degree value for elements e; and ¢; in
E. So Cij = R(ei, ej).

A fuzzy relation R is reflexive if e; = 1 for 1 <i<n.
The relation R is symmetric if e;; =

A binary operation T: [0, 1] x [0, 1] > [0, 1] is a t-
norm [Schweizer & Sklar; 1983] if it satisfies the
following axioms:

1. T(l,x)=x

2. T(x,y)=T(y, %)

3. T, T(y, z)) = T(T(x, y), )

4. Ifx<x’andy <y’ then T(x,y) < T(xX’,y’).

gifor1<i,j<n.

Definition 2.1. Let T be a triangular t-norm. A fuzzy
relation R: ExE — [0, 1] is T-transitive if

T(R(a, b), R(b, ¢)) <R(a, c) forall a, b, c in E.
So, T(eix, €j) < &; for all 1, j, k from 1 to n.

Definition 2.2. A reflexive and symmetric fuzzy
relation is called a proximity relation. A similarity
is a reflexive, symmetric and min-transitive fuzzy
relation.

A T- indistinguishability is a reflexive, symmetric
and T-transitive fuzzy relation.

Definition 2.3 The relation A includes the relation
B, (and it is denoted A o B) if a;; > b;; for all 1, j.

Definition 2.4. The residual implicator J* of a t-
norm T, or quasi-inverse of T, is the binary
operation I": [0, 1] — [0, 1], defined by

JI(x,y) =Sup{z € [0, 1]; T(x, 2) < y}.

In particular:

JMi”(X,y):{l’ ifxgya

Y, if x>y
o l, ifx<y,
JI‘O —
(x,») Y oifxsy
X

J" (x,y)=min{l—x + y, 1}

For a left-continuous t-norm T, and any x, y € [0, 1],
it is known that T(x, J'(x, y)) <y, i.e. J'(x, y) is the

310

greatest solution, z, of the inequality T(X, z) <y. In
case of a continuous t-norm T and y < x, then J'(x,
y) is the greatest solution, z, of the equation T(x, z)
=y.

Lemma 1. If the rows and corresponding columns of
a fuzzy T-indistinguishability relation R are
permuted, the resulting relation is also a fuzzy T-
indistinguishability relation denoted P,(R), where &
is a permutation.

Proof. It is trivial. P,(R) is reflexive and symmetric.

If eij > T{eik, ekj} for all i, j, k then Crs = Cn(i) () 2>
T{en(i) ko eknm} = T{erk, eks} for all T, S, k.0
Example 1. Let 7© be the permutation

1 2 3 4
. Some examples of T-
1 2 43

indistinguishabilities A and their permutated T-
indistinguishabilities P,(A) are the following.

109 1 05 06
T=Min, 4= oS 05 1 05
0.6 06 05 1
1 09 06 05
09 1 06 05
andPAA)=106¢ 06 1 05
05 05 05 1
1 09 05 06
09 1 05 054
T=Prod, A4=\5's 045 1 03
0.6 054 03 I
1 09 06 05
0.9 0.54 0.45
and P(A) =) g 054 1 03
0.5 045 03 1
1 09 05 06
- 109 1 04 05
T=W. 4=\55 04 1 01
06 05 0.1 I
1 09 06 05
09 1 05 04
andPAA)=1 g6 05 1 01
05 04 0.1 I
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3 Construction of a fuzzy T-
indistinguishability relation from two T-
subindistinguishabilities.

A point of view of the proposed algorithm in this
paper is the solution for the problem of constructing
a T-indistinguishability with some properties from
two T-indistinguishabilities. The problem can also
be seen in a reverse way, trying to decompose a T-
indistinguishability in two T-
subindistinguishabilities.

The solution given in this section introduces the
algorithm that constructs a low T-transitive
approximation of a reflexive and symmetric fuzzy
relation, which is known to be a T-
indistinguishability.

Let C and D be two T-indistinguishability fuzzy
relations having dim(C) = n;, dim(D) = nj.

The method tries to construct a T-
indistinguishability relation R(F; C, D) with the
following form:

R(F; C,D) = ( o

J having dim(R) =n; + n, =

n.

A method for computing the values e;; in F, is the
assignation of the n; x n, values in any order, but
obtaining them from an interval [a, b] where

b = min{min(C), min(D), min(values already
generated in F)}.

a=max {T(ei, ey)} for all k such that ej, € F is
already computed.

F' is the symmetric part of the computed F.
So the computed values in F satisfy two conditions:

Condition I: ejj < min{min(C), min(D), min(values
already computed in F)}. )

Condition 2: ej; > max {T(e, e)} for all k such that
ei € F is already computed. 2)

Lemma 2. If C and D are two T-
indistinguishabilities fuzzy relations, then the fuzzy
relation R(F; C, D) given by the previous method is
also a T- indistinguishability fuzzy relation.

Proof. As C and D are symmetric and reflexive
fuzzy relations, R is also symmetric and reflexive
fuzzy relation.
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It is proved that e;; > max {T {ei, e} } for alli, j, k to
prove the T-transitivity property of R in four
separated cases for the values e;; in C, D, F and F'.

Case I: g€ C,itis,if 1 <i<n;, 1 <j<n,.

As C is T-transitive, €= maxi{T {€i, €} }
foralli,j, k<n,.

Ifk > n, then ey € F" and ey € F. By
condition 1, the values of e;; in F and F' are lower
than the values in C, so e;;> min {ej, ey} > T {ei, e}
for any t-norm.

Case 2: gjj € D, itis,n; <i<n,n; <j<n.

As D is T-transitive, €= maxi{T {ei, e} }
for all i, j, k >n;.

Ifk <n, theney € Fand e, € F'. By
condition 1, the values of e; in F and FT are lower
than values in D, so e;; > min{ej, €y} = T{ei, €}
for any t-norm..

Case 3: ¢ € F,itis,n; <i<n,1<j<n,.

By the application of condition 2 in the
construction method, if k < n; then e;; > max {T(e,
ey} forall k.

Case 4: &; € F', itis i <n, <j. The proof is similar
to the one in case 3.
So the fuzzy relation R(F; C, D) is a T-
indistinguishability. [J

I 09
09 1

reflexive and symmetric T-transitive fuzzy relations
for any t-norm T.

Example 2. Let C = ( ) and D = (1) two

The fuzzy relation R(F; C, D) is constructed
assigning values to as; and as, verifying conditions 1
and 2.

Let 7= Min. The values in F can be chosen in the
interval [0, 0.9]. For example let a;3;=0.6 is taken

1 09 0.6
then R(F; C,D)=109 1 0.6, whichisa
06 0.6 1

Min-indistinguishability.

Let T = Prod. The first value of F, for example a;,
must be chosen in the interval [0, 0.9]. For example
let a3,=0.6 is taken, then by condition (2) a3, must be
chosen greater than 0.6 * 0.9 = 0.54 and by (1) it
should be taken lower than 0.6. So a3, can be chosen
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in the interval [0.54, 0.6]. For example, let a3, be
0.54, then

1 0.9 0.6
R(F;C,D)=10.9 1 0.54| isaProd-
0.6 054 1
indistinguishability.

Let T = W be the Lukasiewicz t-norm. R(F; C, D) is
generated assigning values to a;; and as,.

By condition (1) az; or a3, should belong to the
interval [0, 0.9]. Suppose a31=0.6, then by condition
(2), az > W{a31, alz} =azp tap— 1=06+09-1
= (0.5, and by condition (1) as, should be in the
interval [0.5, 0.6]. For example, let a3, be 0.5, then

I 09 0.6
R(F;C,D)=109 1 0.5|isaW-
0.6 05 1
indistinguishability.

The Min-indistinguishabilities fuzzy relations are T-
indistinguishabilities fuzzy relations for any t-norm
T. As W < Prod < Min, Min-indistinguishabilities
and Prod-indistinguishabilities are also W-
indistinguishabilities fuzzy relations.

Lemma 3. If B is a T-indistinguishability fuzzy
relation then there exits a permutation P, and two T-
indistinguishability fuzzy relation C and D, such that
B =P, (R(F; C, D)).

Proof:

Let B be a fuzzy relation with dimension n. The
decomposition of B can be done choosing the boxes
in the last step of the T-indistinguishabilities
construction method. The proof that those boxes are

T-indistinguishabilities is trivial by construction. [J

Lemmas 2. and 3. provide an idea to build any given
T-indistinguishability by making boxes of
subindistinguishabilities (or adding elements to the
universe of the cartesian product) with two disjoint
subrelations that are also T-indistinguishabilities and
choosing the elements of F. In every step it is given
a T-indistingushability of a greater dimension that is
a subrelation of the final T-indistinguishability.

4 Algorithm to compute a low T-transitive
approximation of a proximity fuzzy relation

Let A be a proximity fuzzy relation.

Step 1. Set B initially blank
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Step 2. Let U(A) be the set of elements of the upper
triangular matrix of A sorted in a decreasing order.

Step 3. Setb; =1, forall 1 <i<n.
Step 4. While there is a blank in B do
Let a, be the highest value of the list U(A).
If b is blank,
I={j; b;is not blank in B} and I’ =
{1; b;s is not blank in B}.
H(A) = {ay;, i€l, jel’ sorted in
increasing order}.
While H(A) is not empty
Let a;; be the smallest element not
computed in H(A)
Set bij = bji = min{aij, mink{JT(bik,
big), J' (b, bi)} -
Delete the top element from H(A).
Delete the top element from U(A).

Example 3: Given the following approximation
fuzzy relation:

1 09 1 06
09 1 06 1
1 06 1 038
06 1 08 1

A=

The algorithm is applied to compute its low T-
transitive approximation B, where T is the Min, Prod
and W triangular norm.

Step 1: Set B to be blank

Step 2: Let U(A) be the set of elements of the upper
triangular matrix of A sorted in a decreasing order.
UA)={1;1,0.9;0.8; 0.6; 0.6}.

Step 3: Set b;; =1 for all i.

Step 4: We take the greatest value of U(A), a;3 = 1.
Let I = {j; by; that are not blank values in matrix B}
= {1} and let I’ = {i; bi4 that are not blank in matrix
B} = {3). The values b;; =b;; =a;; = 1 are inserted
in B.

The following greatest element in U(A) is 1 = ay,. |
= {j; byjare not blank in B} = {2} and I’ = {i; bz is
not blank in B } = {4). The values by, and b, are
inserted in B, having bys =bg, = 1.
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The following non blank greatest element in U(A) is
0.9 =ay,. I = {j; by; are not blank in B} = {1, 3} and
I’ = {i; b;z isnot blank in B } = {2, 4}. The values
b1z, b3, bay, byz and its symmetric values are inserted
in B. The list H(A) = {8.12, ay4p, A43, 313}, but di4 — aAzp
=0.6 <az =0.8 <a;;=0.9. If the first element in
H(A) is Ay — 0.6= b14, then b32 = b23 = 06, b34 = b43
= min{asy, min{JT(b31, b4}, JT(b32, bys}} = min{0.8,
min{J'(1, 0.6}, J°(1, 0.6)}} = 0.6, bj, =b,, =
min{alz, min{JT(b13, b32}, JT(b32, b31}, JT(b14, b42},

T (bsz, bis}} =min{0.9, min{1, 0.6, 0.6, 1}} = 0.6,
SO:

1 06 1 06
06 1 06 1

1 06 1 06|
06 1 06 1

BT:

5 Conclusions

Its is given a algorithm to compute a low T-

transitive approximation of a reflexive and
symmetric fuzzy relation, given any triangular norm
T.
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