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Abstract

The general mathematical problem of fuzzy con-
trol is an interpolation problem: a list of fuzzy
input-output data, usually provided by a list
of linguistic control rules, should be realized as
argument-value pairs for a suitably chosen fuzzy
function. However, contrary to the usual un-
derstanding of interpolation, in the actual ap-
proaches this interpolation problem is considered
as a global one: one uniformly and globally de-
fined function should realize all the fuzzy input-
output data.

In this context the paper discusses some quite
general sufficient conditions for the true solution
of the interpolation problem, as well as similar
conditions for suitably modified data, i.e. for a
quite controlled approximation.

1 Introduction

The standard paradigm of fuzzy control is that
one supposes to have given, as an incomplete and
fuzzy description of a control function ® from an
input space X to an output space Y, a family

D = ((A;i, Bi))i<i<n (1)

of (fuzzy) input-output data pairs to characterize
this function ®.

In the usual approaches such a family of input-
output data pairs is provided by a finite list

IF xis A;, THEN vy is B;, i=1,...,n
(2)

of linguistic control rules, also called fuzzy 1F-
THEN rules.
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The main mathematical problem of fuzzy control,
besides the engineering problem to get a suitable
list of linguistic control rules for the actual control
problem, is therefore the interpolation problem to
find a function ®* : F(X) — F(Y) which inter-
polates these data, i.e. which satisfies

®*(A;) =B; foreachi=1,...,n, (3)
and which in this way gives a fuzzy representation
for the control function .

Actually the standard approach is to look for one
single function which should interpolate all these
data, and which should be globally defined over
F(X).

This “global” interpolation problem, presented by
such a finite family (1) of input-output data only,
in general has different solutions. However, the
main approach toward this global interpolation
problem is to search for a solution in a restricted
class ZF of functions. And such a restriction of
the class of interpolating functions offers also the
possibility that within such a class ZF of inter-
polating functions the interpolation problem be-
comes unsolvable.

Instead, the global interpolation problem becomes
in a natural way intertwined with an approzima-
tion problem: one may be interested to look for
a function U* € ZF which does not really in-
terpolate, but which “realizes” the given fuzzy
input-output data “suitably well”. Such an ap-
proximative approach is completely reasonable if
one has in mind that even a true solution ®* of
the interpolation problem (3) only gives a fuzzy
representation for the crisp control function ®.
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2 Two standard interpolation
strategies

More or less the standard theoretical understand-
ing for the design of a fuzzy controller is the refer-
ence to the compositional rule of inference (CRI)
first discussed by Zadeh [11].

A suitable general context for the structure of the
corresponding membership degrees, which at the
same time are truth degrees of a corresponding
many-valued logic, is a lattice ordered abelian
monoid enriched with a further operation »—,
which is connected with the semigroup operation
* by the adjointness condition
xxz<y iff z<(z—y).

The resulting structure often is called a residuated
lattice. Tts corresponding formalized language has
besides the (idempotent) conjunction A which is
provided by the lattice meet a further (in general
not idempotent) “strong” conjunction &, which
has the semigroup operation * as its truth degree
function.

For a full formalization one therefore would em-
bed these considerations into the context of the
basic fuzzy logic BL or the monoidal t-norm logic
MTL, both explained e.g. in [5].

The previously mentioned formalized language
may be further enlarged by a suitable class term
notation for fuzzy sets by writing {z | H(z)} to
denote that one fuzzy set A which has as its mem-
bership degree A(a) in the point a of the universe

of discourse just the truth degree of the formula
H(a).

This context yields for the CRI-based strategy,
which was first applied to a control problem by
Mamdani/Assilian [8], the following formulation:

From the data (A;, B;) one determines a fuzzy re-
lation R in such a way that the approrimating
function W for ®* becomes “describable” as

Vr(A)(y) = sup (A(@) = R(z,y)) . (4)

Of course, the most preferable situation would be

that the function W7 really interpolates the given
input-output-data.

In general we shall call functions which can, ac-
cording to (4), be represented by a fuzzy relation
R simply CRI-representable.

A closer look at fuzzy control applications shows
that one has, besides this approach via CRI-
representable functions and a final application of
the CRI to fuzzy input data, also a competing
approach: the method of activation degrees which
first was used by Holmblad/Ostergaard [7] in their
fuzzy control algorithm for a cement kiln.

This method of activation degrees changes the
previous CRI-based approach in the following
way:

For each actual input fuzzy set A and each input-
output data pair (Ag, Br) one determines a modi-
fication B}, of its “local” output By, characterized
only by (Ag, Br) and the actual input A, and fi-
nally aggregates all these modified “local” outputs
into one global output:

(1]

‘= B (5)

The particular choice of Holmblad/Ostergaard for
By has been

B (y) = hgt (AN Ag) - Br(y) - (6)

Here hgt means the supremum of the member-
ship degrees, i.e. of the range of the membership
function, and - is the usual product.

In general terms, this modification of the first
mentioned approach does not only offer one par-
ticular diverging approach toward the general in-
terpolation problem, it also indicates that besides
those both CRI-related approaches other ones
with different inference and perhaps also with dif-
ferent aggregation operations could be of interest
— as long as they are determined by finite lists of
input-output data (A;, B;) and realize mappings
from F(X) to F(Y).

This has not been done up to now in sufficient gen-
erality. Further on in this paper we shall present
some considerations which point in this direction.
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3 Interpolation strategies and
aggregation operators

There is the well known distinction between FATI
and FITA strategies to evaluate systems of lin-

guistic control rules w.r.t. arbitrary fuzzy inputs
from F(X).

The core idea of a FITA strategy is that it is
a strategy which First Infers (by reference to
the single rules) and Then Aggregates starting
from the actual input information A. Contrary
to that, a FATI strategy is a strategy which First
Aggregates (the information in all the rules into
one fuzzy relation) and Then Infers starting from
the actual input information A.

From the two standard interpolation strategies of
the last section, obviously (4) offers a FATI strat-
egy, and (5) provides a FITA strategy.

Both these strategies use the set theoretic union
as their aggregation operator. Furthermore, both
of them refer to the compositional rule of inference
(CRI) as their core tool of inference.

In general, however, the interpolation operators
we intend to consider depend more generally upon
some inference operator(s) as well as upon some
aggregation operator.

By an inference operator we mean here simply a
mapping from the fuzzy subsets of the input space
to the fuzzy subsets of the output space.!

And an aggregation operator A, as explained e.g.
in [1, 2], is a family (f™)nen of (“aggregation”)
operations, each f™ an n-ary one, over some par-
tially ordered set M, with ordering <, with a bot-
tom element 0 and a top element 1, such that each
operation f" is non-decreasing, maps the bottom
to the bottom: f™(0,...,0) = 0, and the top to
the top: f™(1,...,1)=1.

Such an aggregation operator A = (f")pen
is commutative iff each operation f" is com-
mutative. And A is associative iff e.g. for

n = k + [ one always has f"(a1,...,an) =

IThis terminology has its historical roots in the fuzzy
control community. There is no relationship at all with
the logical notion of inference intended and supposed here;
but—of course—also not ruled out.
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f2<fk(a17 .. '7ak>7fl(ak+17' . 'aan)) and in genera‘l
fay, ... an) =
fr(fkl(al, . ,akl),...,fkr(am+1,...,an))

for n=S"_ ki and m = Y11 k.

Our aggregation operators further on are sup-

posed to be commutative as well as associative

ODGS.2

Observe that an associative aggregation operator
A = (f™)nen is essentially determined by its bi-
nary aggregation function f2; more precisely: by
its subfamily (f")n<2.

Additionally we call an aggregation operator A =
(f n)nEN

additive iff always b < f2(b,c),
multiplicative iff always f2(b,c) <b,
idempotent iff always b= f%(b,b).

Corollary 1 Let A = (f")n,en be an aggregation
operator. Then one has

(i) for idempotent A always f2(0,b) < b;
(i) for additive A always b < f2(0,b);
(iii) for multiplicative A always f*(0,b) = 0.

If we now consider interpolation operators @
of FITA-type and interpolation operators ¥ of
FATI-type then they have the abstract forms

Up(A) = A(6i(A),....0.(4), (7)
Here we assume that each one of the “local” in-
ference operators 6; is determined by the single
input-output pair (A;, B;). Therefore we also
shall write 04, p,) instead of 6; only. And we
have to assume that the aggregation operator A

operates on fuzzy sets, and that the aggregation
operator A operates on inference operators.

With this extended notation the formulas (7), (8)
become

Up(A) =
Ep(A) =

A(0a,,B,)(A), ..., 04, 8,)(A)(9)
A(H(ALBl)? BEE) 0<An,Bn>)(A) . (10)

2Tt seems that this is a rather restrictive choice from a
theoretical point of view. However, in all the usual cases
these restrictions are satisfied.
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In the previous examples (4) of a FATT and (5)
of a FITA strategy, both aggregation operators
A, A have been the set theoretic union (of fuzzy
sets, and of fuzzy relations, respectively).

4 Some particular examples

Some particular cases of these interpolation pro-
cedures have been discussed in [9]. These authors
consider four different cases. First they look at
the FITA-type interpolation

Uh(A) =() (Ao (4> By)), (11)
i
using as in [4] the notation A; > B; to denote the
fuzzy relation with membership function

(Ai > Bi)(z,y) = Ai(z) — Bi(y) -

Their second example discusses a FATI-type ap-
proach given by

EH(A) = Ao ((Ai>By), (12)
and is thus just the common CRI-based strategy
of the S-pseudo-solution, used in this general form
already in [3], cf. also [4].

Their third example is again of FITA-type and
determined by

Up(A) = ﬂ {yll6(A,4) — Bi(y)},  (13)

using besides the previously mentioned class term
notation for fuzzy sets the activation degree

54, 4) = N\ (A@) - A()  (14)
zeX
which is a degree of subsethood of the actual input
fuzzy set A w.r.t. the i-th rule input A;.

And the fourth one is a modification of the third
one, determined for N = {1,2,...,n} by

vhA) = () fwls | 4) - U Biw)}
PAJCN jeJ jeJ

(15)
In these examples the main aggregation opera-
tors are the set theoretic union and the set theo-
retic intersection. Both are obviously associative,
commutative, and idempotent. Additionally the
union is an additive, and the intersection a mul-
tiplicative aggregation operator.

5 Stability conditions for the given
data

If ©p is a fuzzy inference operator of one of the
types (9), (10), then the interpolation property
one likes to have realized is that one has

Op(4;) = B; (16)

for all the data pairs (A;, B;). In the particular
case that the operator Op is given by (4), this is
just the problem to solve the system (16) of fuzzy
relation equations.

Definition 1 In the present generalized context
let us call the property (16) the D-stability of the
fuzzy inference operator Op.

To find D-stability conditions on this abstract
level seems to be rather difficult in general. How-
ever, the restriction to fuzzy inference operators
of FITA-type makes things easier.

It is necessary to have a closer look at the ag-
gregation operator A = (f"),en involved in (7)
which operates on F(Y), of course with inclusion
as partial ordering.

Definition 2 Having B,C € F(Y) we say that
C is A-negligible w.r.t. B iff f2(B,C) = f!(B)
holds true.

The core idea here is that in any aggregation by
A the presence of the fuzzy set B among the ag-
gregated fuzzy sets makes any presence of C' su-
perfluous.

Examples:

1. C is [J-negligible w.r.t. B iff C C B; and
this holds similarly true for all idempotent
and additive aggregation operators.

2. C is [negligible w.r.t. B iff C O Bj; and
this holds similarly true for all idempotent
and multiplicative aggregation operators.

3. The bottom element C = 0 in the domain
of an additive and idempotent aggregation
operator A is A-negligible w.r.t. any other
element of that domain.
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Proposition 2 Consider a fuzzy inference opera-
tor Up = A(0(a,,B,)s---»0a,,B,)) of FITA-type.
It is sufficient for the D-stability of Vp, that one
always has

04,8, (Ar) = By
and additionally that for each i # k the fuzzy set

0 a,,B,) (Ai) is A-negligible w.r.t. 0.4, p,y(Ag)-

The proof follows immediately from the corre-
sponding definitions. And this result has two
interesting specializations which generalize well
known results about fuzzy relation equations.

Corollary 3 It is sufficient for the D-stability
of a fuzzy inference operator Wp of FITA-type
that one has Up(A;) = B; for all 1 < i < n
and that always 04, p,)(A;) is A-negligible w.r.t.
00a:,8:) (Ai)-

Corollary 4 It is sufficient for the D-stability
of a fuzzy inference operator Vp of FITA-type,
which is based upon an additive and itdempotent
aggregation operator, that one has

Up(4;) = B; forall 1<i<n
and that always 0,4, p,)(A;) is the bottom element
in the domain of the aggregation operator A.

Obviously this is a direct generalization of the fact
that systems of fuzzy relation equations are solv-
able if their input data form a pairwise disjoint
family (w.r.t. the corresponding t-norm based in-
tersection).

To extend these considerations from inference op-
erators (7) of the FITA type to those ones of the
FATI type (8) let us consider the following notion.

Definition 3 Suppose that A is an aggregation
operator for inference operators, and that A is an
aggregation operator for fuzzy sets. Then (K, A)
is an application distributive pair of aggregation
operators iff

o~

A1, ... 0,)(X) = A(61(X),....0,(X)) (17)

holds true for arbitrary inference

01,...,0, and fuzzy sets X.

operators
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Using this notion it is easy to see that one has on
the left hand side of (17) a FATI type inference
operator, and on the right hand side an associated
FITA type inference operator. So one is able to
give a reduction of the FATI case to the FITA
case.

Proposition 5 Suppose that (K,A) s an appli-
cation distributive pair of aggregation operators.
Then a fuzzy inference operator Zp of FATI-type
1s D-stable iff its associated fuzzy inference oper-
ator Yp of FITA-type is D-stable.

6 Stability conditions for modified
data

The combined approximation and interpolation
problem, as previously explained, sheds new light
on the standard approaches toward fuzzy control
via CRI-representable functions originating from
the works of Mamdani/Assilian [8] and Sanchez
[10] particularly for the case that neither the
Mamdani/Assilian relation Ry, determined by
the membership degrees

n

Rua(e.y) = \/ 4i@)*Bi(y),  (18)
=1

nor the Sanchez relation ]/%, determined by the
membership degrees

n

R(z,y) = \(Ai(z) — Bi(y)),  (19)

=1

offer a solution for the system of fuzzy relation
equations.

As is well known and explained e.g. in [4],
the approximating interpolation function CRI-
represented by R always gives a lower approxima-
tion, and that one CRI-represented by Rya gives
an upper approximation for normal input data.

Extending these results, in [6] the iterative com-
bination of these methods has been discussed to
get better approximation results. For the itera-
tions there, always the next iteration step con-
sisted in an application of a predetermined one of
the two approximation methods to the data fam-
ily with the original input data and the real, ap-
proximating output data which resulted from the
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application of the former approximation method.
A similar iteration idea was also discussed in [9],
however restricted always to the iteration of only
one of the approximation methods explained in
(11), (12), (13), and (15).

Therefore now we discuss the D-stability for a
modified operator ©F, which is determined by the
kind of iteration of Op just explained.

Let the ©p-modified data set D* be given as
D* = ((A;,0p(4A;)))1<i<n »

and define the modified fuzzy inference operator
*
D as

(20)

0% = Op- . (21)

For these modifications, the problem of stabil-
ity reappears. But it becomes a simpler one
in the sense that the stability criteria now re-
fer only to the input data A; of the data set
D = ((Ai, Bi))1<i<n-

Proposition 6 It is sufficient for the D*-
stability of a fuzzy inference operator W, of FITA-
type that one has for all 1 <i < n:

Uh(A;) = YUp«(A;) = ¥p(4) (22)

and that always 04, v, a,))(Aj) is A-negligible
w.r.1. 6<A7,a\PD(Az)>(AZ)

Let us look separately at the conditions (22) and
at the negligibility conditions.

Corollary 7 The conditions (22) are always sat-
isfied if the operator VT, is determined by the stan-
dard output-modified system of relation equations
A; o R[Ay o R| = B; in the notation of [0].

Corollary 8 In the case A = |J the conditions
(22) together with the inclusion relationships

Oia,wp(40) (A7) € 04, w540 (Ai)
are sufficient for the D*-stability of V.

As in Section 5 one is able to transfer this result
to FATI-type fuzzy inference operators.

Corollary 9 Suppose that (K,A) is an appli-
cation distributive pair of aggregation operators.
Then a fuzzy inference operator ®%, of FATI-type
is D*-stable iff its associated fuzzy inference op-
erator W}, of FITA-type is D*-stable.
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