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Abstract

Normal forms have been introduced as approx-
imating relations for fuzzy relations. Moreover,
they can be viewed as a formalization of a col-
lection of fuzzy IF-THEN rules. Therefore, in-
vestigation of approximating abilities of normal
forms together with determination of an appro-
priate inference engine contributes to building of
fuzzy systems.
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1 Introduction

It is possible to implement approximate knowl-
edge about some function in the form of a se-
quence of IF-THEN rules used as the basis for
the control of some physical system. Such control
laws (rules) may be viewed as a qualitative char-
acterization of variables using fuzzy predicates
and functional dependencies between variables us-
ing conditional sentences with fuzzy predicates.

Special formulas, introduced by I. Perfilieva in
[8] and called normal forms, naturally formalize
such a system of fuzzy IF-THEN rules and, as it
was shown in [16], they are related to the field of
fuzzy approximation. By the term fuzzy approx-
imation, we mean the theory studying properties
of special functions, relations or formulas (having
an approximating character) aggregating local in-
formation about a given function. The approach
from [16] has been generalized in [5], where the ba-
sis for fuzzy approximations has been proposed.
Note that the fuzzy interpolation methods (see

[6, 18, 14]) create a particular subclass of fuzzy
approximation methods.

In this contribution, we are interested in fuzzy
control systems which use fuzzy approximation.
Due to [10, 9], it is necessary to distinguish be-
tween the logical deduction and the inference for
fuzzy approximation. In fuzzy logic, the notion of
inference is closely related to composition of fuzzy
relations (fuzzy sets, or both). We will intro-
duce different compositions for different fuzzy ap-
proximations. More specifically, we will consider
compositions, which produce appropriate outputs
based on the knowledge in the form of fuzzy ap-
proximating formulas. Since we assume only a
special kind of composition, consequently, we will
prefer the later notion. Moreover, we will prove
properties relating to the behaviour of such fuzzy
systems.

2 Preliminaries

2.1 BL-algebras

The operations used in sequel will form a linearly
ordered BL-algebra L on a set L which is an al-
gebra

L = 〈L,∧,∨, ∗,→,0,1〉 (1)

with four binary operations and two constants
such that

(i) (L,∨,∧,0,1) is a lattice,

(ii) (L, ∗,1) is an Abelian monoid,

(iii) ∗ and → form an adjoint pair, i.e.

z ≤ (x → y) iff x ∗ z ≤ y
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for all x, y, z ∈ L,

(iv) moreover, for all x, y ∈ L

x ∗(x → y) = x ∧ y,

(v) and finally L is linearly ordered, i.e. for each
pair x, y : x ∧ y = x or x ∧ y = y.

In particular, when L = [0, 1], the operation ∗
stands for a continuous t-norm. And apparently
each continuous t-norm determines a BL-algebra
on the unit interval [0, 1] with its standard linear
ordering.

2.2 Extensionality of fuzzy relations

Below, we will work with fuzzy relations having
special property called extensionality. This prop-
erty can be viewed as an analogy to Lipschitz
continuity, see [17] or [13] for the case of the ex-
tensionality w.r.t. similarity (reflexive, symmetric
and ∗-transitive) relation. And for the charac-
terization of a generalized extensionality w.r.t. a
reflexive binary fuzzy relation, we refer to [4]. For
the sake of brevity, we will use the following no-
tation

R(x,y) = R1(x1, y1) ∗ · · · ∗Rn(xn, yn), (2)

where R1, . . . , Rn are binary L-fuzzy relations on
M and x = (x1, . . . , xn),y = (y1, . . . , yn) ∈ Mn.
The following definition is taken from [4].

Definition 1 Let M be some nonempty set of ob-
jects. An L-fuzzy relation P ⊂∼ Mn (i.e. P :
Mn → L) is extensional w.r.t. R1, . . . , Rn (or
shortly R) on Mn if

R(x,y) ≤ P (x) → P (y), (3)

for each x,y ∈ Mn.

The general treating of the extensionality prop-
erty allows us to capture the nature of P better
than restricting only to R being similarity rela-
tion. For example, we may work with fuzzy rela-
tions which are extensional w.r.t. fuzzy orderings
(reflexive, ∗-antisymmetric and ∗-transitive), see
[2] also for applications.

2.3 Normal forms

Let us recall notions of disjunctive and conjunc-
tive normal forms (introduced in [15] and general-
ized in [3]). Let f(x) be an n-ary L-fuzzy relation
on a nonempty set of objects M , R is given by (2)
and C = {c1, . . . , ck}, where ci = [ci1 , . . . , cin ] ∈
Mn for all i = 1, . . . , k.

Then the discrete disjunctive and conjunctive nor-
mal forms for f are given as follows:

fDNF,k(x) =
k∨

i=1

(R(ci,x) ∗ f(ci)), (4)

fCNF,k(x) =
k∧

i=1

(R(x, ci) → f(ci)), (5)

respectively.

Note, (4) and (5) are L-fuzzy relations that are
called normal forms due to [15, 17].

In the case of extensional L-fuzzy relation f , the
following relationship can be proved

fDNF,k(x) ≤ f(x) ≤ fCNF,k(x), (6)

for all x ∈ Mn. Moreover, the precision of ap-
proximation of f by normal forms for f can be
estimated as follows:

C(x) ≤ fD(C)NF(x) ↔ f(x), (7)

where

C(x) =
k∨

i=1

(R(x, ci) ∗R(ci,x)), (8)

for all x ∈ Mn.

In the theory of approximations, we usually ap-
proximate a given function by another one, so
that both functions belong to the same class
of functions, e.g. class of continuous functions.
Here, classes of L-fuzzy relations that we are go-
ing to approximate, are determined by the exten-
sionality property.

We will prove that approximating relations ex-
pressed by normal forms are extensional w.r.t.
specially constructed relations.
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Theorem 1 If f ⊂∼ Mn is extensional w.r.t. R
then fDNF,k is extensional w.r.t. D1, . . . , Dn given
by

Di(x, y) =
k∧

j=1

(Ri(cij , x) → Ri(cij , y)), (9)

and fCNF,k is extensional w.r.t. E1, . . . , En given
by

Ei(x, y) =
k∧

j=1

(Ri(y, cij ) → Ri(x, cij )). (10)

proof: We will prove the extensionality of
fDNF,k. From the extensionality of f , it follows

R(ci,x) ∗ f(ci) ≤
(R(ci,x) → R(ci,y)) → (R(ci,y) ∗ f(ci)),

which gives

k∨

i=1

R(ci,x) ∗ f(ci) ≤

k∧

i=1

(R(ci,x) → R(ci,y)) →
k∨

i=1

R(ci,y) ∗ f(ci),

and finally

k∧

i=1

(R(ci,x) → R(ci,y)) ≤

fDNF,k(x) → fDNF,k(y),

and using
∧k

i,j=1(ai& aj) =
∧k

i=1 ai&
∧k

j=1 aj , we
prove the extensionality of fDNF,k(x) w.r.t. D.
Analogously, we can prove the extensionality of
fCNF,k(x) w.r.t. E. ¤

The following corollary says that the normal
forms for extensional fuzzy relations w.r.t. a tran-
sitive R are extensional w.r.t. R as well.

Corollary 1 If f ⊂∼ Mn is extensional w.r.t.
transitive R then fD(C)NF,k is extensional w.r.t.
R.

proof: Follows from Theorem 1 and transitiv-
ity of R, i.e.

Ri(cij , x) ∗Ri(x, y) ≤ Ri(cij , y), (11)
Ri(x, y) ≤ Ri(cij , x) → Ri(cij , y), (12)

Ri(x, y) ≤
k∧

j=1

(Ri(cij , x) → Ri(cij , y)), (13)

Ri(x, y) ≤ Di(x, y). (14)

for all i = 1, . . . , n and x, y ∈ M . Analogously
Ri(x, y) ≤ Ei(x, y). ¤

3 Normal form + inference rule ⇒
fuzzy system

A partial knowledge about some function F :
Mn → [a, b], where [a, b] ⊂ R, may be formalized
by normal forms of the form (4) or (5). It relates
to the following set of fuzzy IF-THEN rules:

IF (x is Ri) THEN (y = Fi), (15)

for i = 1, . . . , k. This k rules create the rule-base
of a fuzzy control system over some real physical
system. The expression “x is Ri” is interpreted
as R(ci,x) or R(x, ci), and moreover, “y = Fi”
are interpreted as f(ci) = T (F (ci)), where T :
[a, b] → L for all i = 1, . . . , k.

Let us define compositions of an input A ⊂∼ Mn

and normal forms (4), (5) as follows:

BDNF =
∨

x∈Mn

(A(x) ∗ fDNF,k(x)), (16)

BCNF =
∧

x∈Mn

(A(x) → fCNF,k(x)), (17)

The value BDNF may be viewed as the maximal
degree in which A “intersects” fDNF,k. Analo-
gously, BCNF represents the minimal degree in
which A is a “subset” of fCNF,k.

We will consider a fuzzy control system consisting
of a rule-base (including available knowledge) in
the form of fuzzy IF-THEN rules (15) and com-
puting outputs of inference method (applied to
the fuzzy rules and to fuzzy input variables) on
the basis of (16) or (17), see Figure 1. Restricting
those inputs and outputs of fuzzy control system
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to be crisp, methods of fuzzification and defuzzifi-
cation are involved. Since the output value BDNF

as well as BCNF is already the crisp number be-
longing to L, therefore, the defuzzification is not
needed, but instead of it, the inverse transforma-
tion T−1 : L → [a, b] is applied.

Figure 1: Normal form based fuzzy system.

3.1 Properties of proposed compositions

As the first step in the analysis of proposed com-
positions based on normal forms, we will take
a look at relationship between compositions and
their input A. In other words, we want to know
whether the composition is implied and the way
how the implication works.

Let us assume in the sequel f, A ⊂∼ Mn and
fD(C)NF,k, BD(C)NF are defined by (4), (5), (16),
(17), respectively.

Proposition 1 The inequalities

A(x) ∗ fDNF,k(x) ≤ BDNF , (18)
BCNF ≤ A(x) → fCNF,k(x), (19)

are valid for each x ∈ Mn.

proof: Obviously follows from (16) and (17).
¤

Taking into account the extensionality of f , we
can prove the following relationship between com-
positions.

Theorem 2 Let f be extensional w.r.t. R. Then
∧

x,y∈Mn

D(x,y) ≤ BDNF → BCNF , (20)

where D(x,y) is given by (9).

proof: From the extensionality of fDNF,k w.r.t.
D given by (9) and using (6), we come to (20). ¤

Difference between the composition of A with
fD(C)NF,k and the original fuzzy relation f can
be estimated on the basis of the inequalities for-
mulated below.

Theorem 3 If f is extensional w.r.t. R then

A(x) ∗ C(x) ≤ f(x) ↔ BD(C)NF, (21)

for each x ∈ Mn.

proof: From (7)

M(x) ∗A(x) ≤ A(x) ∗ fDNF,k(x),

where M(x) = C(x) ∗ fCNF,k(x), which implies

M(x) ∗A(x) ≤
∨

x∈Mn

A(x) ∗ fDNF,k(x),

M(x) ≤ A(x) → BDNF,

since f is extensional w.r.t. R, consequently,
f(x) ≤ fCNF,k(x) that gives

C(x) ∗ f(x) ≤ A(x) → BDNF,

C(x) ∗A(x) ≤ f(x) → BDNF.

By the conditional equivalence (7) and (18), we
prove the reverse implication, which gives the
claim for fDNF,k. For fCNF,k, the proof is anal-
ogous. ¤

These inequalities provide an idea of how a “close-
ness” between f and the composition BD(C)NF

can be estimated. Let us remind that C(x) is
the lower boundary of equivalences between f
and normal forms. If e.g. A(x) = 1 then
the value of f(x) ↔ BD(C)NF is influenced only
by C(x), i.e. knowing that C(x) ≥ p follows
f(x) ↔ BD(C)NF ≥ p.

Example 1 Let f(x) = 0.25 sin(20x) + 0.5 on
M = [0, 1], L is ÃLukasiewicz algebra with L =
[0, 1]. Moreover, R(x, y) = (x → y)k(x,y) ∗ (y →
x)k(y,x), where k(x, y) is determined on the basis
of f such that f is extensional w.r.t. R, see [4].
Note that usually k(x, y) 6= k(y, x).
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Nodes for fDNF,8 as well as for fCNF,8 are as fol-
lows

C = {0.02, 0.08, 0.19, 0.4, 0.54, 0.71, 0.87, 0.97}.
As it can be seen on Figure 2, fD(C)NF,8 cre-
ates the lower (upper) approximation of f and
the composition BD(C)NF lies in boundaries deter-
mined as a combination of an error of approxima-
tion and a vagueness of the input A, i.e. in our
case

|fD(C)NF,8(x)−BD(C)NF| ≤ 1∧(2−(A(x)+C(x))).

Moreover, BDNF ≤ BCNF for A(x) depicted on
Figure 3. But this inequality is not valid for ar-
bitrary A(x), as it can be seen from (20) saying
that BDNF ≤ BCNF is valid only in some degree,
which is based on D given by (9).

Figure 2: fDNF,8 (dashed) and fCNF,8 (dotted)
for f (solid) from Example 1. Moreover, squared
(circled) marker denotes BDNF (BCNF) relating to
A(x) depicted on Figure 3 or 4.

Figure 3: R(ci, x), ci ∈ C specified in Example 1
and input fuzzy set A(x) (dashed).

The results of this subsection show that BD(C)NF

is suitable for deriving conclusions on the ba-
sis of inaccurate input and partial knowledge

Figure 4: R(x, ci), ci ∈ C specified in Example 1
and input fuzzy set A(x) (dashed).

about some function (represented by fuzzy rela-
tion fD(C)NF,k). Whenever fD(C)NF,k creates the
lower (upper) approximation of f then it is very
natural to derive the conclusion as close to f as
possible. This requirement is fulfilled by BDNF as
well as BCNF. Thus, the fuzzy systems based on
fuzzy approximating formulas together with pro-
posed compositions behave properly.

4 Conclusion

The main goal of this work lies in formalization
of basic properties of the composition w.r.t. the
respective normal form. Observe that to main-
tain the character of fuzzy approximation, special
compositional rule has to be used. It is the {∨, ∗}-
composition for the case of disjunctive normal
form. The conjunctive normal form requires dif-
ferent treating and thus {∧,→}-composition has
been introduced to preserve analogous properties
as composition used for disjunctive normal form.

Both compositions have a meaningful interpreta-
tion. They are used to draw a value on the basis
of inaccurate input and partial knowledge about
some fuzzy relation forming its lower or upper ap-
proximation. Hence, it is very natural to derive
this value as close to the original fuzzy relation as
possible. This attempt can be successfully imple-
mented into the fuzzy system and used in fuzzy
control.
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