EUSFLAT - LFA 2005

A note on ordinal sums of t-norms on bounded lattices
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Abstract

Ordinal sums of t-norms on bounded lattices are
discussed. It is shown that this construction leads
always to a t-norm in the case of horizontal sums
of chains. Moreover, we obtain a t-norm also if the
underlying lattice is an ordinal sum (in the sense
of Birkhoff) of the carriers of the summands.
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1 Introduction

Many-valued logics are usually based on a
bounded lattice (L,<,0,1) of truth values [6, 7,
10-12]. In such a case, the conjunction is in-
terpreted by some triangular norm on L. The
structure of (divisible) t-norms is known in some
special cases only (closed real intervals, especially
[0, 1], finite chains), see [1,8].

Recall that from the construction methods of t-
norms only the ordinal sum construction can be
applied both to t-norms on [0, 1] (closed real in-
tervals) and to t-norms on finite chains. This mo-
tivated us to have a deeper look at the construc-
tion of t-norms on bounded lattices by means of
ordinal sums.

2  On some types of ordinal sums

Ordinal sums have been introduced in quite di-
verse contexts. One quite general approach is pro-
vided in [2] for building the ordinal sum X @Y of
two disjoint posets X, Y, which can be generalized
as follows:
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Definition 2.1 Consider a linearly ordered index
set (I,=r), I # () and a family of pairwise disjoint
posets (Xi, <;)ier. The ordinal sum ©;c1X; (in
the sense of Birkhoff) is defined as the set U;e1 X;
with the following order < given by

x<y<=Fiel:z,ye X; Nz <;y) or
(Fi,jel:ze X;Ahye X Ni=<g]).

In [3], ordinal sums have been introduced in the
context of abstract semigroups in order to con-
struct a new semigroup from a given family of
semigroups. The basic idea is to extend an or-
dinally ordered system of non-overlapping semi-
groups into a single semigroup whose carrier is
equal to the union of the original carriers.

Definition 2.2 [3] Let (I, <), I # () be a linearly
ordered index set, (X;);cs a family of pairwise dis-
joint sets, and (G;);er with G; = (X, *;) a family
of semigroups. Put X = U;c;X; and define the
binary operation * on X by

xxy if (x,y) € X; x X,
TrY=1x if (z,y) € X; x Xj and i < j,
Yy if (z,y) € X; x Xj and i > j.

Then we say that (X, x) is the ordinal sum of
all (Xj,*;)ier. If necessary, we will refer to this
type of ordinal sum as ordinal sum in the sense

of Clifford.

Proposition 2.3 [3] With all the assumptions
of the previous definition the ordinal sum (X, %)
s also a semigroup, i.e., * is an associative oper-
ation on X.
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Note that ordinality in the sense of Clifford refers
to the linear order of the index set I involved. The
elements of some X;, ¢ € I, need not fulfill some
special order relation. On the other hand, taking
into account that equality is an order relation on
any set we immediately can state the following
corollary.

Corollary 2.4 Any ordinal sum in the sense of
Clifford can be expressed as an associative opera-
tion on an ordinal sum of a family of sets in the
sense of Birkhoff.

In the case of t-norms on the real unit interval
[0, 1] a version of the construction of ordinal sums
in the sense of Clifford was proposed (see [5,8,9,
14]).

Definition 2.5 Let (Jai, bi[)icr be a family of
pairwise disjoint open subintervals of [0, 1] and let
(T})ier be a family of t-norms. Then the ordinal
sum T = ({a;, b;,T;))icr: [0,1)2 — [0,1] is given
by

a; + (b — ai) (3 =3t £=2)
T(x,y) = if (2,y) € [ai,bi]”,
min(zx, y) otherwise.

This type of ordinal sums is called ordinal sum of
t-norms.

Note that ordinal sums of t-norms can be viewed
as ordinal sums in the sense of Clifford (relaxing
the disjointness requirement by allowing intervals
overlapping in the boundary elements, and fill-
ing the gaps with the minimum). Therefore, as-
sociativity, monotonicity, commutativity and the
neutral element are preserved by the construction
process, and each ordinal sum of t-norms is again
a t-norm.

3 Ordinal sums of t-norms on
bounded lattices

Consider a bounded lattice (L, <,0,1) with bot-

tom element 0 and top element 1. Closed and

open subintervals of L are defined, as usual, by
[a,b) ={x € L |a <z <b},

la,b] = [a,b] \ {a,b}.

A binary operation T: L? — L which is commu-
tative, associative, non-decreasing in both argu-
ments and has 1 as neutral element is called a
t-norm on L (compare [4]). Note that the struc-
ture of the lattice L heavily influences which and
how many t-norms on L can be defined. How-
ever, there exist at least two t-norms for arbitrary
bounded lattices L with |L| > 2, i.e., the mini-
mum TiyiZ(z,y) = Ay and the drastic product

L feAy if1e {zyh
" =
0 otherwise,

which are also the greatest and smallest possible
t-norms on the lattice L.

Definition 3.1 Consider some bounded lattice
(L,<,0,1) and some linearly ordered index set
I. Further, let (]a;, b;])icr be a family of pairwise
disjoint subintervals of L and (7;);c; a family of
t-norms on the corresponding [a;, b;]. Then the
ordinal sum T = ({a;,b;, T;))icr: L?> — L is given

by
T(x,y) = {jz/(\x;y)

) et
otherwise.
Note that if L = @®er [a;, b;], then an ordinal sum

in the sense of Definition 3.1 is an ordinal sum in
the sense of Clifford.

In the sequel we will concentrate on under which
conditions an operation T: L? — L defined by (1)
is also a t-norm on the bounded lattice L.

First we have a look at ordinal sums of t-norms on
an arbitrary bounded lattice L with one summand
only. Further, we will restrict ourselves in the
following considerations to just one arbitrary but
fixed interval as sublattice and as carrier of the
only summand involved.

Consider a bounded lattice (L,<,0,1) and a
subinterval [a,b]. Further assume a t-norm 7%
on the bounded sublattice [a,b]. Then T': L? — L
is defined by

TV (2,y) if (x,y) € a, b,
HAVANYT)

(2)

otherwise,

T(I‘,y) = {

and is an ordinal sum ((a,b, T1%?)) of T on L
with one summand.
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Figure 1: T-norm on some special bounded lattice

Proposition 3.2 Consider some bounded lattice
(L,<,0,1) and a subinterval [a,b] of L. If L is an
ordinal sum of intervals, i.e., L = [0,a] & [a,b] &
[b,1], then T: L?> — L defined by (2) is a t-norm
for arbitrary t-norm T on [a,b].

The previous proposition only provides a suffi-
cient and not a necessary condition such that T
is a t-norm as the next example will illustrate.

Example 3.3 Consider the lattice (L,<,0,1)
with L = {0,z,a,u,1}, further the subinterval
[a,1] = {a,u,1} and the operation T as shown
in Figure 1. It can be easily checked that T is
an operation defined by (2). Moreover, it is a t-
norm although L is not an ordinal sum of intervals
(note that the T is not the only t-norm on L since
T[a,l] — TM[G’H).

However, in some special cases the lattice L must
have some special form:

Proposition 3.4 Consider some bounded lattice
(L,<,0,1) and a subinterval [a,b]. Assume that
T defined by (2) is a t-norm for arbitrary t-norms
Tl on [a,b]. If for all € L there exists some
u € |a, b[ such that x can be compared with u, then
L=10,a] ® [a,b] & b,1].

Example 3.3 shows that there exist ordinal sum
t-norms on bounded lattices L with some subin-
terval [a,b] where L is not an ordinal sums of in-
tervals. Those x € L which do not belong to any
of the subintervals [0, al, [a,b] or [b,1] are incom-
parable to all u € ]a,b[. They are further at most
comparable to either a or b, but not to both at
the same time (see also Figure 2).

A necessary and sufficient condition for (2) yield-
ing a t-norm is the following:
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Figure 2: Lattice cases

Theorem 3.5 Consider some bounded lattice
(L,<,0,1) and a subinterval [a,b] of L. Then the
following are equivalent:

(i) The ordinal sum T: L? — L defined by (2)
is a t-norm for an arbitrary t-norm Tt
on [a,bl.

(ii) For all z € L it holds that

(a) if © is incomparable to a, then it is in-
comparable to all u € [a,b] and

(b) if x is incomparable to b, then it is in-
comparable to all u € ]a, b].

Now we look for conditions on the lattice L only
ensuring that, for arbitrary subintervals, the con-
struction (2) leads to a t-norm. Recall that a
bounded poset (X, <,0,1) is called a horizontal
sum of the bounded posets ((X;, <;,0,1))ier if
X = Uer Xi with X; N X; = {0,1} whenever
i # j, and x < y if and only if there is an ¢ € [
such that {z,y} C X; and = <; y (compare, e.g.,
horizontal sums of effect algebras [13]). A non-
trivial example of a horizontal sum is the set

{(_17 _1)7 (17 1)7 <—$, 1 —HZ’), (.T,.%'—l) ’ (S ]07 1[}
equipped with the product order on R2.

Theorem 3.6 Let (L,<,0,1) be a bounded lat-
tice. Then the following are equivalent:

(i) For any [a,b] C L and any t-norm T the
ordinal sum operation T on L given by (2) is
a t-norm on L.

(ii) For allz,y € L: {x Ny,xVy} C{0,1,z,y}.

(iii) (L, <,0,1) is a horizontal sum of chains.
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This result can be generalized to suitable families
of intervals.

Proposition 3.7 Consider some bounded lattice
(L,<,0,1). Then the following are equivalent:

(i) The ordinal sum T as defined by (1) is a
t-norm for arbitrary families of subintervals
([ai, bi))icr and for arbitrary t-norms (T;)icr
on the corresponding [a;, b;].

(i1) (L,<,0,1) is a horizontal sum of chains.
4 Conclusion

We have seen that the ordinal sum of t-norms
leads always to a t-norm only in some special
cases, namely, for horizontal sums of chains. As
a consequence, this construction is rather limited
in the case of product lattices.
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