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Copulas with given diagonal section: some new results
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Abstract

We characterize the class of copulas that can be
constructed from the diagonal section by means of
the functional equation C'(zVy,zVy) = C(x,y)+
|z — y|, for all (z,y) in the unit square such that
C(z,y) > 0. A simple construction method for
copulas is also given.

Keywords: Copula, quasi—copula, aggregation
operator.

1 Introduction

The concept of copula was introduced in 1959
([17]) and its importance in statistical model-
ing is described by Sklar’s theorem, which states
that, given two random variables X and Y with
joint distribution function H and marginals F' and
G, respectively, there exists a mapping C from
[0,1)? into [0,1], called copula, (which is uniquely
determined on Range F' X Range G) such that
H(z,y) = C(F(z),G(y)) for all z,y € R. Since
then, copulas have played an important role not
only in statistics, but also in many other fields
such as probabilistic metric spaces ([16]), gen-
eralized measures and integrals ([11]), triangular
norms ([10, 16]).

Specifically, C' : [0, 1]2 — [0,1] is a copula if, and
only if, it has annihilator element equal to 0,

Vz € [0, 1] C(z,0)=C(0,z) =0, (1)
and neutral element equal to 1,

Vz € [0,1] Cz,1)=C(L,z) =2z, (2)
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and it satisfies the 2—increasing property,

Vo ([z, 2] x [y,4/]) == C(2',y)
- C(.%',y/) - C(Z’l,y) + C(x7y) > 07 (3)

for all z,2’,y,y in [0,1], with z < 2’ and y < ¥/.
A copula is necessarily 1-Lipschitz, i.e., for all
z,2',y,y € [0,1]

C(z,y) = Cla",y )| < e —2'[+ly -y, (4)
and increasing in each place,

Clz,y) <C(2',y) forx <2’ andy<y. (5)
Following [2], we recall that a function A from
[0, 1]2 into [0,1] is a binary aggregation operator
(shortly, 2—agop) if, and only if, it satisfies (5)
with A(0,0) = 0 and A(1,1) = 1. In particular,
every copula is a 2—-agop.

The first generalization of copula is the concept
of quasi—copula, which appeared in [1] and was
studied also in [8]. In detail, a quasi—copula @
is a 2-agop which satisfies (2) and (4). Recently,
another interesting generalization of copulas has
been introduced in order to study bivariate no-
tion of aging ([3]): it is the notion of semicopula,
namely a 2-agop that satisfies (2) ([5]).

For every semicopula S, the function dg : [0, 1] —
[0,1] given by dg(t) := S(t,t) is called the diago-
nal section (or, briefly, diagonal) of S. If S is a
semicopula, its diagonal dg satisfies the following
properties:

(DY) 35(1) = 1
(D2) d5(t) <t forall t € [0,1];



EUSFLAT - LFA 2005

(D3) g is increasing.
Moreover, if S is a (quasi—)copula, then
(D4) |05(t) — 0s(s)| < 2|t — s| for all ¢,s € [0, 1].

The set of functions from [0, 1] into [0, 1] satisfying
(D1), (D2) and (D3) will be denoted by D; the set
of functions in D which satisfy also (D4) will be
denoted by Ds.

The question arises whether, for each function
0 € Dy, there is a copula whose diagonal section
coincides with §. In the literature, this question
has already two answers. The first one is the di-
agonal copula

i OO

2

introduced in [6]. The second one is the Bertino
copula ([7])
{t—o@®)}. (7)

Bs(z,y) := min{z,y}— min

te[zAy,zVy|
JFrom a probabilistic point of view, the diago-
nal section of a copula has interest because, if X
and Y are random variables with the same dis-
tribution function F' and copula C, then the dis-
tribution function of max(X,Y) is d¢(F'(t)). On
the other hand, a deep discussion of the problem
of copulas and quasi—copulas with given diagonal
section and its relationship with aggregation op-
erators can be found in the forthcoming paper [9].

In this note, we analyze under which conditions
on 0 € Dy the function

Ds(x,y) := max{0,0(x Vy) — [z —yl}  (8)

is a copula. In the class of t—norms, viz. asso-
ciative and commutative semicopulas (see [10]),
functions of type (8) were already studied by
Mayor and Torrens ([13]), where the following re-
sult was obtained:

Theorem 1 Let T be a continuous t—norm with
diagonal section 6. Then T satisfies the functional
equation

T(x,y) + |z —y| =0z Vy),

whenever T'(z,y) > 0, if, and only if, T belongs
to the family {Ty : o € [0,1]} defined by

(z.y) € [0,0);
otherwise.

max{0,z +y — a}
min{z, y}

To(z,y) := {

For these reasons, we shall call a function of
the type (8) MT- (quasi—, semi-) copula, where
“MT” stands for “a la Mayor and Torrens”.

In Section 2 we characterize the class of MT—
copulas and, then, we study its properties (Sec-
tion 3): for more details and proofs of the state-
ments we refer to the forthcoming paper [4]. In
Section 4, we present a simple method to gener-
ate copulas, beginning with two copulas having
the same diagonal section.

2 Characterization of MT—copulas

In order to characterize MT—copulas, first, we es-
tablish an analogous characterization for semicop-
ulas of the same type.

Proposition 1 The following statements are
equivalent:

(a) & € D and there exists a € [0,1[ such that
0(x) = 0 on [0,a] and the function x —
(6(x) — x) is increasing on [a, 1].

(b) Ds is an MT-semicopula;

Now, we can give the characterization of the MT—
copulas.

Theorem 2 The following statements are equiv-
alent:

(a’) 6 € Dy and there exists a € [0,1/2] such
that 6(z) = 0 on [0,a] and the function
x +— (0(x) — x) is increasing on [a, 1];
(b’) Ds is a copula.
932



EUSFLAT - LFA 2005

The following result, which can be easily derived
from the proof of Theorem 2, states the impossi-
bility of constructing a MT—quasi—copula that is
not a copula.

Corollary 1 The following statements are equiv-
alent:

(a’) & € Dy and there exists a € [0,1/2] such
that 6(x) = 0 on [0,a] and the function
x — (0(x) — x) is increasing on |a,1];

(¢’) Ds is a quasi—copula.

3 Properties of the MT—copulas

In this section, we denote by D an MT-copula
and by ¢ its diagonal, according to Theorem 2.

Proposition 2 Every MT-copula D is a simple
Bertino copula, i.e., for all (z,y) € [0,1)?

D(z,y) ==z Ay —min(z —6(z),y —6(y)). (9)

In particular, from this result we obtain

Proposition 3 Every MT—copula D is extremal,
in the sense that, if there exist two copulas A and
B such that D = ¢ A+ (1 — ) B, with a € ]0,1],
then D = A = B.

The following statistical characterization of an
MT—copula can be formulated

Corollary 2 Let X and Y be two random vari-
ables uniformly distributed on [0,1] whose joint
distribution function is D. Then, for each (z,y) €
[0,1)?, either

P(X <z,Y <y) = P(max(X,Y) < min(z,y))
or

P(X >z, Y >y) = P(min(X,Y) > max(z,y)).
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Because of Theorem 1, since T}, is an ordinal sum
of W, T, = ((0,«,W)), and thus a copula for
every « in [0, 1], one has

Proposition 4 The only associative M T—copulas
are members of Mayor—Torrens family given in
Theorem 1.

In the following we characterize the MT—copulas
that coincide with their corresponding survival
copula.

Proposition 5 Let D be an MT-copula and D
be its corresponding survival copula, defined on
0,12 by D(z,y) := x+y—1—D(1—z,1—y). Then
D = D, if, and only if, there exists a € [0,1/2]
such that D is a member of a family of copulas
given by

Co(z,y) = max{W(x,y), M (z,y) —a}. (10)

4 A construction method

Let A4 and A_ be the two subsets of the unit
square defined by

Api={(z,y) €[0.1]" 2 >y},
A= {(z,y) €[0,1)?: z < y}.

For every subset S of [0,1]%, 15 denotes the indi-
cator function of S, i.e., 1g(z,y) is equal to 1, if
(z,y) € S, and 0, otherwise.

Given the 2—agops A and B, we introduce the
function Fi g : [0,1]> — [0,1] given, for all z, y in
[0, 1], by

Fap(z,y) = Az,y) 1a, (z,y)+B(z,y) 1la_(z,y).

In other words, if we divide the unit square by
means of the diagonal y = x, F is equal to A in
the lower triangle and equal to B in the upper
one.

The following result is easily proved.
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Proposition 6 If A and B are 2—agops with the
same diagonal section, then Fap is a 2-agop.
Moreover, if A and B have neutral element 1, so
has FA,B-

Remark 1 If A and B are 2—agops such that
04 # 0B, then Fy p need not be increasing. For
example, if A(x,y) = min(z,y) and B(z,y) = zy,
then

Fu5(0.5,04) = 0.4 > 0.3 = Fa (0.5,0.6).

In the following two theorems we investigate the
cases in which A and B are copulas or quasi—
copulas.

Theorem 3 If A and B are quasi—copulas with
the same diagonal section, then Fa g is a quasi—
copula.

Corollary 3 If A and B are 1-Lipschitz 2—agops
with the same diagonal section, then Fy g is a 1-
Lipschitz 2—agop.

Theorem 4 Let A and B be copulas with the
same diagonal section. If A and B are symmetric,
then Fy g is a copula.

Proof. Notice that inequality (3) follows directly
from the 2-increasing property of A and B on
rectangles entirely contained in either Ay or A_.
Therefore, it suffices to show that, for all s, €
[0,1] with s < ¢,

Vie([s, t]%) := A(s, s)+A(t, t)—B(s, t)—A(t, s) > 0.
But, if B(s,t) < A(s,t), then Vg ([s,t]?) >

t
Va ([s,t]?) > 0;if B(s,t) > A(s, t), then B(t,s) >
A(t, s), so that

Vi([s,t]?) = B(s, s)
+ B(t,t) — B(s,t) — A(t,s) > Vg([s, t]*) > 0,

which concludes the proof.

Remark 2 In Theorem 4, the assumption of the
symmetry of copulas is essential. If, for example,
A is a non—symmetric copula, then Fa p need not
be a copula. We consider, for example, the copula
A given by

1 1
i Sy—1 S
m1n(a:+2(y ),y), :1:6}2, ],

and the copula B given by

B(z,y) := min <xy M) .

2
If R:=[1/3,2/3]?, one has
Vs 5 (R) =-1/12 <0,

viz. Fa p is not a copula. Specifically, because of
Theorem 3, Fa g is a (proper) quasi—copula.

Remark 3 In [15], a general method was de-
scribed to symmetrize a 2—agop. Specifically, let
A be a 2—agop (generally, non-symmetric), for ev-
ery x,y € [0,1], the symmetrized version of A is
defined by

e =

Since it is a clear that, if A is a 2—agop (quasi—
copula), then the function A'(x,y) = A(y,x) for
every (z,y) in [0, 1]2, is a 2—agop (quasi—copula),
it follows from Proposition 6 (Theorem 3) that A
is a 2—agop (quasi—copula). Notice that, given a
copula C, C is not a copula. We consider, for
example, the copula Cy (X € [0,1]) defined by

if © > y;
if x <.

(11)

Y y < Az
Ca(z,y) = { Az, Ar <y <1—(1-Nz;
r+y—1, 1-(1-Nzx<y<L
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A similar construction method can also be intro-
duced for 2—agops that have the same values in
some fixed linear section [9, 12], for example, with
the same opposite diagonal sections, i.e., for 2—
agops A and B A(z,1—x) = B(x,1—z) for every
x in [0,1]. In this case, let I'y and I'_ be the two
subsets of the unit square defined by

Ty={(z,y) €[0,1]*:x+y <1},
L= {(z,y) €[0,1 : z+y > 1}.
Given the 2—agops A and B, we introduce the

function F4B . [0, 1]2 — [0, 1] given, for all z,y €
[0,1], by

FAB(z,y) = A(z,y) Ir, (z,y)+B(z,y) Ir_(z,y).

As above, we have

Proposition 7 If A and B are 2—agops with the
same opposite diagonal section, then FAB is q 2
agop. Moreover, if A and B are quasi—copulas, so
is FAB.

Theorem 5 Let A and B be copulas with the
same opposite diagonal section. If B(x,y) >
A(x,y) for every (x,y) € T_, then FAB is a cop-
ula.

5 Conclusion

We have found a characterization of the copulas
which satisfy the functional equation C(z,y) +
|z —y| = C(z Vy,z Vy) whenever C(z,y) > 0,
already studied in the class of triangular norms
in the paper [13]. Then, we have introduced a
method to generate a new copula, beginning from
two copulas with given diagonal section. How-
ever, this method can be generalized and studied
in a more general form:

Problem 1.

Let  be a connected subset of the unit square.
Let A and B be two copulas which coincide on
the border of 2. Under which conditions

F(ZE, y) = A(.CC, y) 19(:1:7:‘/) + B(%,y) 1[0,1]2\Q(x7 y)
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is a copula?

On the other hand, this suggests also an investi-
gation on the sets of uniqueness for a copula.

Problem 2.

Let f and g be distinct continuous functions from
[0,1] into [0,1] and let A and B be copulas such
that Az, f(z)) = B(z, f(2)) and A(g(y),y) =
B(g(y),y) for all z,y € [0,1]. Under which con-
ditions on f and g does it follow that A = B?
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