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Abstract

In this paper the equation

I(U1(x,y),z) = U2(I(x,z), I(y,z))

for all x,y,z∈ [0,1] is solved whereI is a residual im-
plication defined from a uninormU , andU1,U2 are
a conjunctive and a disjunctive uninorm, respectively.
Three cases are considered:i) whenU is a t-norm,ii)
whenU1 is a t-norm and/orU2 is a t-conorm, andiii )
the general case when the neutral elements ofU,U1

andU2 are in]0,1[.

Keywords: t-norm, t-conorm, uninorm, implication
operator, S-implication, R-implication, distributivity.

1 Introduction

Uninorms are a special kind of associative aggrega-
tion functions that have been extensively studied in
the literature. They have proved to be useful for ap-
plications in many fields like expert systems, neural
networks, aggregation, fuzzy system modelling, etc.
It is well known that a uninormU can be conjunctive
(whenU(1,0) = 0) or disjunctive (whenU(1,0) = 1).
This fact allows to use them also as logical con-
nectives. In this sense, fuzzy implications functions
have been defined from uninorms in the following two
ways:

• Strong implications(or S-implications), and

• Residual implications(or R-implications).

An exhaustive study of both types of implications can
be found in [4] and [9]. Uninorms and their derived

implications are also used in aggregation applications
like mathematical morphology (see [6]).

On the other hand, the equivalence

(p∧q)→ r ≡ (p→ r)∨ (q→ r), (1)

useful in avoiding combinatorial rule explosion in
fuzzy systems (see [2]), was solved in [12] involv-
ing t-norms, t-conorms and implications derived from
them. Related equations of distributivity between im-
plications and t-norms were solved in [1]. The solu-
tions obtained in both papers, [12] and [1], require that
the conjunctions must be given by the minimum and
the disjunctions by the maximum.

Moreover, equation (1) was solved in [10] where con-
junctions and disjunctions are performed by uninorms
and the implications are strong implications derived
from disjunctive uninorms. In this case equation (1)
becomes

I(U1(x,y),z) = U2(I(x,z), I(y,z)) x,y,z∈ [0,1] (2)

being I defined byI(x,y) = U(N(x),y), whereN is
a strong negation andU a disjunctive uninorm, and
U1,U2 are a conjunctive and a disjunctive uninorm,
respectively.

In this paper we want to continue the study of equa-
tion (2), but now involving residual implications de-
rived from uninorms, that isIU(x,y) = sup{z∈ [0,1] |
U(x,z)≤ y} for any uninormU such thatU(x,0) = 0
for all x < 1. We solve equation (2) with the men-
tioned conditions, and we prove that many new solu-
tions appear along our study, different from those al-
ready known for strong implications. We will divide
it in two cases:i) whenU is a t-norm, andii) the gen-
eral case whenU is a uninorm with neutral element in
]0,1[.

EUSFLAT - LFA 2005

369



2 Preliminaries

We suppose the reader to be familiar with basic results
concerning t-norms and t-conorms that can be found
in [7]. We recall only some notions on uninorms. For
more details see [5], [8] and for implications derived
from uninorms see [4] and [9].

Definition 1 A uninorm is a two-place functionU :
[0,1]× [0,1] −→ [0,1] which is associative, commu-
tative, increasing in each place and such that there
exists some elemente∈ [0,1], called the neutral ele-
ment, such thatU(e,x) = x for all x∈ [0,1].

It is clear that the functionU becomes a t-norm when
e= 1 and a t-conorm whene= 0. For any uninorm
we haveU(0,1) ∈ {0,1} and a uninormU is said
conjunctive whenU(1,0) = 0 and disjunctive when
U(1,0) = 1.

Definition 2 A uninormU with neutral elemente∈
]0,1[ is representable if and only if there is a strictly
increasing, continuous functionh : [0,1]→ [−∞,+∞]
with h(0) =−∞, h(e) = 0 andh(1) = +∞ such thatU
is given by

U(a,b) = h−1(h(a)+h(b))

for all (a,b) ∈ [0,1]2\{(0,1),(1,0)} and U(0,1) =
U(1,0) ∈ {0,1}. Functionh is usually called anad-
ditive generatorof U.

Note that any representable uninorm is continuous in
[0,1]2\{(0,1),(1,0)} and all uninorms continuous in
this set are in fact representable (see [11]).

Definition 3 A uninormU is said to be inUmin when
it is given by

U(x,y) =




eTU
(

x
e,

y
e

)
if (x,y) ∈ [0,e]2

e+(1−e)SU
(

x−e
1−e,

y−e
1−e

)
if (x,y) ∈ [e,1]2

min(x,y) otherwise.
(3)

and is said to be inUmax when it is given by

U(x,y) =




eTU
(

x
e,

y
e

)
if (x,y) ∈ [0,e]2

e+(1−e)SU
(

x−e
1−e,

y−e
1−e

)
if (x,y) ∈ [e,1]2

max(x,y) otherwise.
(4)

In both expressionsTU denotes at-norm andSU de-
notes at-conorm.

Remark 1 In fact any uninormU has the same struc-
ture that in (3) except for the values ofU(x,y) when
min(x,y) < e< max(x,y). In general it is only known
that these values are placed between the minimum and
the maximum. Due to this general structure, any uni-
normU is usually denoted byU = (e,TU ,SU). Note
however that this notation is ambiguous because there
are different uninorms with the samee,TU andSU .

Theorem 1 ([8]) U is an idempotent uninorm (that is
U(x,x) = x for all x∈ [0,1]) with neutral elemente∈
[0,1] if and only if there exists a decreasing function
g : [0,1] → [0,1] with g(e) = e, g(x) = 0 for all x >
g(0), g(x) = 1 for all x < g(1), satisfying

inf{y | g(y) = g(x)} ≤ g2(x)≤ sup{y | g(y) = g(x)}

for all x∈ [0,1], such thatU(x,y) =




min(x,y) if y < g(x) or
(
y = g(x) andx < g2(x)

)
max(x,y) if y > g(x) or

(
y = g(x) andx > g2(x)

)
min(x,y)
or if y = g(x) andx = g2(x)
max(x,y)

being commutative on the set of points(x,y) such that
y = g(x) with x = g2(x). Functiong is usually called
theassociated functionof U.

Idempotent uninorms will be denoted byU = (e,g)
although this notation is again ambiguous because de-
pending ong it is possible to have many idempotent
uninorms with the samee and g. Special cases of
left-continuous and right-continuous idempotent uni-
norms are detailed in [3].

Definition 4 A binary operatorI : [0,1]× [0,1] →
[0,1] is said to be an implication operator, or an im-
plication, if it satisfies:

I1) I is nonincreasing in the first place and nonde-
creasing in the second one.

I2) I(0,0) = I(1,1) = 1 and I(1,0) = 0.

Note that, from the definition, it follows thatI(0,x) =
1 and I(x,1) = 1 for all x ∈ [0,1] whereas the sym-
metrical valuesI(x,0) and I(1,x) are not determined
in general.

Implications from uninorms can be defined in the fol-
lowing two ways:
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• Strong implications. That isI(x,y) = U(N(x),y)
for all x,y ∈ [0,1] whereN is a strong negation
andU a disjunctive uninorm, and

• Residual implications. That isIU(x,y) = sup{z∈
[0,1] |U(x,z) ≤ y} whereU is a uninorm satis-
fying U(x,0) = 0 for all x < 1.

To obtain residual implications any conjunctive uni-
norm works, but many disjunctive idempotent uni-
norms and all disjunctive representable uninorms also
work (for more details see [4] and [9]). Finally, note
that the usual residual implication from at-norm T,
that we will denote byIT , appears as a special case
taking 1 as the neutral element of the uninormU .

3 Distributive residual implications

As we have commented, equation (1) was solved in
[12] when the conjunction is performed by a continu-
oust-norm, the disjunction by a continuoust-conorm
and the implication is a strong implication derived
from another continuoust-conorm or a residual im-
plication derived from a continuoust-norm. It was
also solved in [10] for the case of strong implications,
whent-norms andt-conorms are replaced by conjunc-
tive and disjunctive uninorms respectively.

We are interested in solving the same equation when
the involved operators are conjunctive and disjunc-
tive uninorms respectively, but now using residual im-
plications derived from uninorms. Namely, letU =
(e,TU ,SU) be a uninorm such thatU(x,0) = 0 for all
x < 1 andI the residual implication defined by

IU(x,y) = sup{z∈ [0,1] |U(x,z)≤ y} x,y∈ [0,1].

Let Uc = (ec,TUc,SUc) be a conjunctive uninorm and
Ud = (ed,TUd ,SUd) a disjunctive one. We want to solve
the equation

IU(Uc(x,y),z) = Ud(IU(x,z), IU(y,z)) (5)

for all x,y,z∈ [0,1] where the uninormU = (e,TU ,SU)
is in one of the three classes stated in the preliminaries
andTU andSU are continuous.

We do this by distinguishing four different cases:

i) WhenU is a t-normT,

ii) WhenU is in Umin,

iii) WhenU = (e,g) is idempotent withg(0) = 1,
and

iv) WhenU is representable (conjunctive or disjunc-
tive).

However, we begin by proving that the fourth case is
not possible. Effectively, suppose thatU is any rep-
resentable uninorm with additive generatorh. If we
denote byU∗ the disjunctive representable uninorm
with the same additive generatorh, we know (see [4])
that

IU(x,y) = U∗(N(x),y) for all x,y∈ [0,1]

where N is the strong negation given byN(x) =
h−1(−h(x)). That is, IU is in fact a strong implica-
tion and it is proved in [10] that no strong implications
from representable uninorms satisfy equation (5).

Thus, let us divide our reasoning in three subsections
devoted to each one of the remaining three cases. Due
to the restricted space we do not include the proofs
of the results, but we will give all necessary lemmata
in order to establish the complete process that leads
to the solutions. Although the first steps always con-
sist in proving thatUd andUc must be idempotent, the
proof is different in each case and so we need to han-
dle them separately.

3.1 WhenU is a t-norm T

The following lemma can be easily proved in general
without any assumption on continuity.

Lemma 1 Let T be at-norm,Uc a conjunctive uni-
norm andUd a disjunctive one. IfIT , Uc andUd sat-
isfy (5), thenUd andUc are idempotent. Moreover,Uc

must be at-norm and consequentlyUc = min.

Now, the result for continuous t-norms is as follows.

Theorem 2 Let T be a continuous t-norm,IT its
residual implication,Uc a conjunctive uninorm and
Ud a disjunctive one. Then,IT , Uc andUd satisfy (5) if
and only ifUc = min,Ud is idempotent andT(x,x) = x
for all x≤ ed.

Note that the condition onT in the Theorem above is
equivalent to say thatT must be an ordinal sum of the
form (〈ed,1,T1〉) whereT1 is any continuous t-norm.
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Such family of t-norms jointly with their residual im-
plications can be viewed in Figure 1. Note also that
the border caseed = 0 givesUc = min, Ud = maxand
then anyt-norm works.

min

minmin

T1

ed

ed

¡
¡

¡
¡

¡
¡

¡
¡

¡¡

ed

ed

1

y

IT1

Figure 1: A t-normT (left) and its residual implication
IT (right) such thatIT , min andUd satisfy (5), where
Ud is an idempotent uninorm with neutral elemented.

3.2 WhenU is in Umin

In this case we takeU = (e,TU ,SU) a uninorm inUmin

with neutral elementesuch that0 < e< 1.

Lemma 2 Let U = (e,TU ,SU) be a uninorm inUmin

with e< 1, IU its residual implication,Uc a conjunc-
tive uninorm andUd a disjunctive one. IfIU , Uc and
Ud satisfy (1) thenUd is idempotent ande≤ ec.

Lemma 3 Let U = (e,TU ,SU) be a uninorm inUmin

with e< 1 andSU continuous, andIU its residual im-
plication. LetUc be a conjunctive uninorm andUd a
disjunctive one. IfIU , Uc andUd satisfy (5), thenUc is
idempotent.

Next we distinguish two cases: whenUc is a t-norm,
that isec = 1, and whenec < 1. We first solve the case
whenUc is a t-norm.

Lemma 4 Let U = (e,TU ,SU) be a uninorm inUmin

with e< 1 andSU continuous, andIU its residual im-
plication. LetUc = min andUd be a disjunctive idem-
potent uninorm. IfIU ,Uc andUd satisfy (5) thened≤e
andU(x,x) = x for all x≤ ed.

Note again that the condition onU given in the lemma
above is equivalent to say thatU(x,y) = min(x,y) for
all x,y such thatmin(x,y) ≤ ed and max(x,y) ≤ e.

That is,U must be given byU(x,y) =




e+(1−e)SU( x−e
1−e,

y−e
1−e) if x,y∈ [e,1]

ed +(e−ed)T1(x−ed
e−ed

, y−ed
e−ed

) if x,y∈ [ed,e]
min(x,y) otherwise.

(6)

for any continuoust-normT1. It is understood that in
the special caseed = e, the second expression in equa-
tion (6) disappears and then the uninormU becomes
a uninorm inUmin with associatedt-normTU = min.

Theorem 3 LetU = (e,TU ,SU) be a uninorm inUmin

with e< 1 andSU continuous, andIU its residual im-
plication. LetUc be a t-norm andUd = (ed,Td,Sd) a
disjunctive uninorm. Then,IU , Uc andUd satisfy (5)
if and only ifUc = min, Ud is idempotent withed ≤ e
andU is given by equation (6).

The family of uninormsU stated in the previous the-
orem, jointly with their residual implications can be
viewed in Figure 2, whereRS means the residual op-
erator associated to thet-conormS, that is,RS(x,y) =
sup{z∈ [0,1] | S(x,z)≤ y}.
Now, we study the case whenUc is not a t-norm, that
is, when0 < ec < 1.

Lemma 5 Let U = (e,TU ,SU) be a uninorm inUmin

with e< 1 andSU continuous, andIU its residual im-
plication. LetUc = (ec,gc) be a conjunctive idem-
potent uninorm with0 < ec < 1 and Ud = (ed,gd)
a disjunctive one. IfIU , Uc andUd satisfy (5), then
e= ec < ed.

Lemma 6 Let U = (e,TU ,SU) be a uninorm inUmin

with e< 1 andSU continuous, andIU its residual im-
plication. LetUc = (ec,gc) be a conjunctive idem-
potent uninorm with0 < ec < 1 and Ud = (ed,gd)
a disjunctive one. IfIU , Uc andUd satisfy (5), then
TU = min andU(x,x) = x for all x≥ ed.

Again the conditions in the previous lemma ensures
thatU must be given byU(x,y) =




min(x,y) if min(x,y)≤ e

e+(ed−e)S1

(
x−e
ed−e,

y−e
ed−e

)
if x,y∈ [e,ed]

max(x,y) otherwise

(7)

for any continuoust-conormS1.

Lemma 7 Let U = (e,TU ,SU) be a uninorm inUmin

with e< 1 andSU continuous, andIU its residual im-
plication. LetUc = (ec,gc) be a conjunctive idem-
potent uninorm with0 < ec < 1 and Ud = (ed,gd)
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Figure 2: A uninormU (top) in Umin and its resid-
ual implicationIU (bottom) such thatIU , min andUd

satisfy (5), whereUd is any idempotent uninorm with
neutral elemented.

a disjunctive one. IfIU , Uc andUd satisfy (5), then
gd(e) = 1 andUc must be inUmin.

Theorem 4 LetU = (e,TU ,SU) be a uninorm inUmin

with e< 1 andSU continuous, andIU its residual im-
plication. LetUc = (ec,Tc,Sc) be a conjunctive uni-
norm with0 < ec < 1 andUd = (ed,Td,Sd) a disjunc-
tive one. Then,IU , Uc andUd satisfy (5), if and only
if Uc is idempotent inUmin, Ud is idempotent with as-
sociated functiongd such thatgd(e) = 1, e= ec < ed,
andU is given by equation (7).

The family of uninormsU stated in the previous the-
orem, jointly with their residual implications can be
viewed in Figure 3.

min

minmin

S1

maxmax

max

e

e

ed

ed

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

¡
¡

y

RS1

e

e

ed

ed

1

y

e

Figure 3: A uninormU (top) in Umin and its resid-
ual implicationIU (bottom) such thatIU , Uc andUd

satisfy (5), whereUc is idempotent inUmin andUd =
(ed,gd) is idempotent withed > eandgd(e) = 1.

3.3 WhenU is idempotent

In this case we takeU = (e,g) an idempotent uninorm
with neutral elementesuch that0 < e< 1.

WhenU is idempotent, we obtain the following lem-
mata.

Lemma 8 Let U = (e,g) be an idempotent uninorm
with e< 1 andIU its residual implication. LetUc be a
conjunctive uninorm andUd a disjunctive one. IfIU ,
Uc andUd satisfy (5) thenUc andUd are idempotent.

Lemma 9 Let U = (e,g) be an idempotent uninorm
with e< 1 andIU its residual implication. LetUc and
Ud be idempotent uninorms withUc conjunctive and
Ud disjunctive. IfIU , Uc andUd satisfy (5) thenUc and
Ud areg-dual, that is,g(Uc(x,y)) = Ud(g(x),g(y)).
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Currently, we are working in the general solution of
distributivity in the case whenU is idempotent. In
fact, we already know several solutions in this case
that can be derived from the previous cases. Namely:

• Wheng is a strong negationN, it is known that
the residual implicationIU coincides with the
strong implication derived from the right contin-
uous idempotent uninormUr = (e,N) (see [9])
and, from results in [10], we obtain thatIU ,Uc

andUd satisfy equation (5) whenUd = Ur and
Uc is theN-dual ofUr (that necessarily is the left
continuous idempotent uninormUl = (e,N)).

• WhenU is idempotent inUmin andUc = min we
have from Theorem 3 thatIU ,min andUd satisfy
equation (5) whenUd is idempotent withed ≤ e.

• WhenU is idempotent inUmin andUc is idempo-
tent inUmin with ec < 1, we have, from Theorem
4, that IU ,Uc andUd satisfy equation (5) when
Ud = (ed,gd) is idempotent withe= ec < ed and
gd(e) = 1.

However, in the case whenU is idempotent, are there
any other solution of equation (5) than the ones stated
before?
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