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Abstract

In this paper we present a novel approach to data-
driven fuzzy modeling which aims to create highly
accurate but also easily comprehensible models.
This goal is obtained by defining a flexible but
expressive language automatically from the data.
This language is then used to inductively learn
fuzzy regression trees from the data. Finally, we
present a detailed comparison study on the per-
formance of the proposed method and an outlook
to future developments.
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1 Introduction

Fuzzy logic based systems can be used to gain in-
sights on a complex system for which no analytical
model exists. For many complex technical appli-
cations the problem arises that no proper mathe-
matical formulation can be found to describe the
behavior of the according system. The only avail-
able information might be a set of measurements
taken from the system. Then the goal is to find
a function f that models the inherent connection
between the input parameters (settings and mea-
surements) and the goal parameter (final param-
eter of interest) that is hidden in the data.

To find such a function f, however, is not always
the only objective. While statistical regression or
neural networks allow to solve such kinds of ma-
chine learning problems, they leave the resulting
function f as a black bozx, i.e. a plain function
whose internals are difficult or impossible to com-
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prehend. In many practical applications, how-
ever, qualitative insights into the structures of f
are desirable. In the following, assume that we are
not necessarily interested in the full function f,
but at least in significant bits of knowledge about
f and their inherent structures. Rule based sys-
tems or decision trees [4,12] have been profen to
be easily comprehensible and are therefor ideal for
this task of qualitative and qualitative analysis.

For the remaining, let us consider a data set X of
K samples X = {x!,...,x®}, where each sample
(t =1,...,K) has the same (n + 1)-dimensional
structure:

Xi = (le, . '7'%'317'1‘31—1—1)
€ X1 X x Xy X Xpaa (1)

The first n dimensions/variables are the inputs;
the last dimension/variable n + 1 is the output
under investigation. In the following, we refer to
the r-th dimension (r = 1,...,n) as r-th input
attribute. The n 4+ 1-th dimension is called goal
attribute. Ideally, the overall objective of this ma-
chine learning problem is then to find a function

f:X1><-~><Xn—>Xn+1 (2)

such that the inherent connection between the in-
put attributes and the goal attribute hidden in
the data set X is modeled as well as possible.

To be able to handle numeric attributes in rule-
based models, it is indispensable to define a dis-
crete set of predicates for these kinds of attributes.
If this quantization is done by means of partitions
into crisp sets (intervals) as in traditional machine
learning, small variations (e.g. noise) can cause
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large changes in the model output and instable
results. This entails the demand for admitting
vagueness in the assignment of samples to predi-
cates. Fuzzy sets [14] perfectly solve this problem
of artificial preciseness arising from sharp interval
boundaries.

A second benefit of fuzzy logic systems like fuzzy
decision trees [15] or fuzzy rule-based methods [2]
is, that they create not only a computational but
also an interpretable model for f. It turned out,
however, that in many cases the simple applica-
tion of methods for creating interpretable, compu-
tational models from data is not sufficient. There
is often the need for higher accuracy, by preserv-
ing the interpretability of the systems. Conse-
quently, recently several approaches were devel-
oped to optimize given interpretable logic fuzzy
systems [5]. These approaches, however, always
focus on either interpretability or accuracy.

To overcome these limitations, we will compute
semantically meaningful fuzzy sets a priori to the
rule induction process, integrating user defined
fuzzy predicates. We will then use these predi-
cates for inductive learning of fuzzy decision trees
to obtain comprehensible fuzzy models from data.
To obtain models with higher accuracy a regular-
izes optimization technique can be applied to the
whole model, afterward.

2 The Underlying Language

To define the underlying language for our fuzzy
models, we have to consider the different types of
input attributes that can occur. Basically, we can
distinguish between three types of attributes:

Boolean categorical attributes: The domain
X, is an unstructured finite set of labels,
for instance, types of car engines (gasoline,
Diesel, hydrogen, electric) or classes of ani-
mals (birds, fish, mammals, etc.). The at-
tribute values z! are single elements of the
label set X;.

Fuzzy categorical attributes: There is again
an unstructured finite set of labels, but with
possible overlaps. Therefore, values of such
kinds of variables may be fuzzy sets on this
set of labels. For example, assume that we

are given a finite set consisting of different
grape varieties. Then blended wines (cu-
vees) cannot be assigned to single categories
crisply.

Numerical attributes: The underlying domain
X; is the set of real numbers or a subset of
these (e.g. an interval). The attribute values
x are real numbers, e.g. pressures, tempera-
tures, incomes, ratios, etc.

Fuzzy predicates for categorical attributes,
boolean or fuzzy, can be defined easily in a
straight forward manner. Finding appropriate
fuzzy predicates for numerical attributes, how-
ever, is often a subtle problem for which different
approaches exist.

In our approach, we create the fuzzy sets based
on the data set given by considering the semantics
of the corresponding linguistic expressions auto-
matically using a method called CompFS [6]. By
comprising also ordering based predicates we are
able to define comprehensible, but still expressive
predicates automatically [3].

3 Rule Induction

To create a decision or regression tree for a specific
decision problem, inductive learning (i.e. learning
from examples) is a widely used approach.

Recent approaches to apply fuzzy decision trees
on regression problems try to create large trees
which solve the resulting optimization problem
[1,9]. These solutions, however, can no longer
be interpreted easily—which is usually one of the
main advantages of regression trees over numeri-
cal optimization methods or artificial neural nets.
Using pruning and back-fitting strategies can help
to overcome this shortcoming [10]. All these ap-
proaches, however, tackle the problem of finding
accurate but comprehensible models from an op-
timization point of view and do not pay attention
to the underlying language used, nor are they ca-
pable of using a domain specific set of fuzzy pred-
icates.

In our approach to inductive learning of fuzzy re-
gression trees we pay special attention to compre-
hensibility, accepting a slightly lower performance
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compared to other approaches. This is achieved
by using the general language defined in section 2
and by creating as compact models as possible.

3.1 Fuzzy Regression Trees

A general regression tree consists of a root node
with a number of child nodes. Fach of these
child nodes can either be a leaf node or the root
node of a new subtree. If each non-leaf node
has exactly two child nodes, the tree is called
binary. We denote the set of all nodes with
N = {n',...,n™V}, the set of all leaf nodes with
L = {nl,... n't} C N and the set of non-leaf
nodes with M = {n™ ... nMN} C N where we
define the node n' to be the root node.

To each non-leaf node n' € M, a predicate p' is
associated which is used to decide which of the
child nodes to process next. For each non-leaf
node n’ € M the child nodes are denoted as n}
and nb and we define that the left branch (n})
is selected when the corresponding predicate p’ is
fulfilled and the right one (n}) otherwise. Each
leaf node n/ € L is associated with a constant
value ¢/ € R or a local model ¢/(x), X — R.

3.2 Inductive Learning of Fuzzy
Regression Trees—FS-LiRT

The basic idea behind FS-LiRT is to create a
tree where the leaves approximate the desired goal
function as good as possible. By associating nu-
merical values (or functions) with the leave nodes,
we finally obtain a Sugeno- or TSK-type con-
troller. The method is called FS-LiRT (Fuzzy
Set based Linear Regression Trees) as in most
cases linear models are associated with the leaf
nodes.

We use the mean squared error measure which en-
sures that the model accuracy increases the larger
the tree grows. The mean squared error for a
given predicate P and a sample set X is computed
according to:

Sex mx)('z;(x) o))
5p(x) = H(P(x))3(X| P) + t(~P(x))(X|~P),

MSEpr(P, X) =

where x,,11 is the desired goal value, Zp(x) is an
estimate of the output according to predicate P,
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and
> oxex HP(X))Tnt1

Y oxex HP(x))
is the average goal value with respect to the pred-
icate P.

2(X|P) =

Outline: Starting with a single root node a bi-
nary regression tree is grown in a top-down man-
ner. The mean squared error is computed and
the predicates are sorted with respect to their ac-
tual relevance. Then the most relevant predicate is
chosen and associated with the tree node under in-
vestigation. This procedure is repeated recursively
until a stopping condition is fulfilled. Details are
shown in Algorithm 1

Algorithm 1 (FS-LiRT)

Input: goal attribute m
samples Xcur = {xl, cee xK}
set of test predicates P
Output: tree node Ncyr

if stopping criterion is fulfilled

compute ¢ = {cf", -+ 7}

Ncur is leaf node with class assignment Ceur
else

find best predicate
P = argminpp, MSEpT(P, Xcur)
compute new memberships for the left branch
e (') = £ (px (') A P(x'))
compute left branch
N® = FS — LiRT(C, X%, P)
compute new memberships for the right branch
e () = £ (px (') A P ()
compute right branch
N® =FS — LiRT(C, X°,P)
Neyr is parent node with children N® and N©

}

The leaf node output ¢/ for a leaf node 7 is defined
as the weighted average of the n + 1-th attribute
(our goal attribute) according to:

Y oxex L (X))Tnia

O T )

(4)

To achieve a more accurate approximation it is
also possible to define the output ¢/ as a linear
combination of the inputs. To preserve compre-
hensibility, we have to ensure that the linear terms
are still interpretable. To do so, we do not use
a simple linear combination of the input dimen-
sions, but of a transposition with respect to the
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center of the data under consideration according
to

n
(%)= a0+ gl — ). (5)
=1
7; defines the mean of the samples in the [-th
dimension according to b/. Doing so, we can in-
terpret ag as the output value in the “center” of
the rule, and the o;’s as the change along the [-th
dimension. By additionally applying a local vari-
able selection, we are able to use local approxi-
mation functions which improve accuracy but are
still comprehensible.

Finally, we have to solve the local least squares
problem

S (107090 (s — 0§ =S 0w~ 7)) = min,
xEX =1 ’

where o/ = (aé, a{ ...,afl_l)T are the according
linear weights and Z; defines the weighted average
of the samples under consideration with respect
to the [-th dimension. As the corresponding sys-
tem matrix is not guaranteed to have full rank,

Tikhonov regularization is applied.

The algorithm stops if any of the following stop-
ping criteria is fulfilled (Note that if pruning is
applied, usually only the first stopping criteria is
applied):

e No more samples: if the number of samples
decreases under a certain threshold (Default:
10% of the orignal data).

e Minimum variance: if the variance of all sam-
ples in a node is below a given threshold (De-
fault: 5% of the range of the goal attribute).

e Maximum depth reached: if the depth of the
tree reaches a predefined maximum (Default:
10).

e No sufficient increase: if the relative increase
with respect to the mean squared error (De-
fault: 0.10).

Optionally, pruning can be applied to the tree
generated by FS-LiRT to optimize the size of
the tree. The goal is to achieve a good compro-
mise between a models simplicity and its predic-
tive accuracy, by removing irrelevant parts of the

model. By pruning a tree, the new complexity
of the model is automatically identified without
the need to a priori establish thresholds for the
stopping conditions which could be sensitive to
problem specifics. Pruning also enhances the in-
terpretability of a tree, a simpler tree being easier
to interpret.

We use the same pruning technique as presented
by [10]. They used a four step procedure, where
first the inner nodes of the tree are sorted with
respect to their sum-squared-error. Then a se-
quence of subtrees is generated by subsequently
deleting the child nodes of the nodes in this se-
quence. Thirdly, the mean-absolute-error on a
pruning data set is computed for each of these
subtrees. Finally, the smallest tree within one
standard error is selected.

3.3 Deduction with Fuzzy Regression
Trees

To obtain real-valued output from fuzzy regres-
sion trees, the regression tree can be inferred di-
rectly by computing the output of a tree node
n'(x) according to:

c(x) = H(p'(x))ei (x) + t(=p' (%)) (x)  (6)
This formula is evaluated recursively to obtain the

output of the root node c'.

4 Examples

4.1 Two-Dimensional Example A

To illustrate the potential of the proposed method
for fuzzy modeling, we tried to reconstruct the
following function from data (n = 2, X1 = Xy =
[0,100], X3 = [-100,100]):

2mx, )

fop—a(x1,22) = 22 - sin ( 100

We selected K = 1000 random samples (z%, x5)
from the range X; x X3 = [0,100]?. The final
data set was constructed as

X = {(2}, 2%, fop—alal,zh)) |i=1,...,K}.

Six fuzzy sets with bell-shaped membership func-
tions were created for the first input attribute x
and two for the second input attribute xo.

19



EUSFLAT - LFA 2005

FS-LiRT was executed to create a compact re-
gression tree. In a second run, a larger tree was
created and pruning was applied to remove unnec-
essary nodes. The pruned tree is shown in Fig. 1.

Parameter | Setting 1 Setting 2
t-norm product product
Fuzzy Sets | bell shaped | bell shaped
SUPPrmin 0.05 0.01
stddevpin 0.1 0.001
INCrmin 0.01 0.001
pruning no yes

Finally, we compared the output of the result-
ing fuzzy controller with the original values. The
results for the original and the pruned tree are
shown below. While the original tree was much
larger than the pruned tree, the pruned tree shows
a almost equal performance. Figure 2 shows plots
of the original function fop_4 and the function
defined by the resulting Sugeno system of the
pruned tree.

Parameter ‘ Setting 1 ‘ Setting 2
Tree size 22 7
Correlation 0.97 0.98
Average Error 8.18 8.15
Average Squared Error | 97.87 100.44

S x_IsAtLeast H (100)
T y_ls_H 40)

T 4 x_Is_H (24)
-
F |

— Pruned. (16)

—x_Is_L (60)

— y_Is_L (29)
T |
gEE—
—— x_ls_L (31)
T |
F |

Pruned. (16)
Pruned. (9)

]

-

Pruned. (18)
Pruned. (11)

]

Pruned. (9)
Pruned. (22)

Figure 1: Regression tree constructed by FS-LiRT
for the function approximation problem 2D-A af-
ter pruning

4.2 Comparison of Results

We have applied FS-LiRT using constant output
functions (FS-LiRT) and linear output functions
(FS-LiRT Model) on three regression problems
from the UCI repository and on three artificial
regression problem. We used 10-fold cross valida-
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Original nction Recalled function

Figure 2: Test function fop_ 4 (left) and the func-
tion defined by a Sugeno fuzzy system constructed
by FS-LiRT (right)

tion and computed the average correlation coeffi-
cient. We compared the obtained results with two
of our own methods, FS-ID3 [7]—an other fuzzy
decision tree learning method, and FS-FOIL [8]—
a method for learning fuzzy rule bases. Further-
more we compared the results with three meth-
ods from the WEKA toolkit [13], namely Linear-
Regression, M5-Prime [11], and M5-Rules. The
first method creates a simple linear regression
model to solve the regression learning problem.
The latter two methods, M5-Prime and M5-Rules
generate decision trees or decision rules. We ran
these methods using the Weka Toolbox 3-4.

We compared the average correlation coefficient
between the original output and the predicted val-
ues as well as the average model size. The results
are shown in Figure 3. We can see, that for the
data sets from the UCI repository our methods
performed equally well as the other methods. For
the complex two dimensional problems our meth-
ods create,however, much more compact models
then the other methods.

5 Outlook

In this paper we have presented a novel algorithm
for inductive learning of fuzzy decision trees which
are both, comprehensible and accurate. By us-
ing local linear models based on a transformation
of the original input dimensions we obtain inter-
pretable models in the leafs, too.

Future work will focus on integrating cross valida-
tion in the optimization process. We hope, that
this can help to further increase the stability of
the models. Furthermore, we want to use this
approach to automatically identify the regular-
ization parameter of the Tikhonov regularization,
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AUTO-MPG HOUSING SERVO
FS-ID3 0.9 (11) 0.87 (17) 0.87
FS-LIRT 0.91 (15) 0.91 (71) 0.94
FS-LIRT Model 0.92 (20) 0.91 (40) 0.96
FS-FOIL 0.86 (4) 0.83 (10) 0.92
M5Rules 0.88 (12) 0.82 (13) 0.86
M5P 0.88 (17) 0.86 (21) 0.86
M5P-Modell 0.93 (4) 0.91 (14) 0.94

2D-A 2D-B 6D
(19) 0.93 (9) 0.74 (85) 0.92 (56)
(9) 0.93 (9) 0.84 (69) 0.93 (56)
(7) 0.97 (6) 0.88 (52) 0.99 (18)
(9) 0.88 (5) -0.03 (1) 0.83 (7)
(5) 0.97 (86) 0.89 (29) 0.9 (51)
(10) 0.98 (153) 0.88 (100) 0.92 (150)
(6) 0.99 (102) 0.91 (112) 1. (18)

Figure 3: Comparison of average correlation coefficient and model size for different regression problems

which is crucial for semi-automatic application of
the method.

Another future direction of research is the combi-
nation of different models into a combined model
(some kind of additive regression). We have al-
ready made very promising experiments, which
indicate that a combination of simple regression
trees with constant output functions and simple
regression models can be used to solve complex
problems.
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