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Abstract

In this paper, we make a proposal to build a
classifier with fuzzy outputs with multiclass Sup-
port Vector Machines (SVMs). This allows us to
widen the applicability of this kind of powerful
and soundly founded classifiers. We consider the
pairwise multiclass version and investigate differ-
ent alternatives for the aggregation process. A
number of experiments have been carried out to
establish the validity and performance of this ap-
proach.
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1 Introduction

Support Vector Machines (SVMs) conform a wide
set of models based on Statistical Learning The-
ory. This theory provides sound foundations for
models and bounds for their generalisation per-
formances.

Since their introduction in the COLT-92 [1], an in-
creasing number of researchers and practitioners
have been investigating and working with them.
SVMs have proved successful in a wide area of ap-
plications ranging from OCR to Information Re-
trieval to Image Classification.

SVMs have been designed and applied mainly to
classification problems. Actually, crisp classifica-
tion problems. However, it is well known that
many real-world problems are affected by uncer-
tainty. In many situations, the uncertainty can
be modelled using Fuzzy Logic and Fuzzy sets.

In this paper, we propose a method to develop
a fuzzy classifier with multiclass SVMs. Among
the different approaches for multiclass SVMs, we
have chosen the pairwise one because it produces
the better results and is the most efficient.

Our goal is to develop a model for fuzzy classifi-
cation, which retains or improve its performance,
while widening the applicability of SVMs. We
achieve this goal by defining fuzzy membership
functions for individual SVMs and aggregating
them afterwards with fuzzy logic operators.

A previous proposal in the same line of ours has
been made by Tsujinishi et al. [2, 3]. Our method
defines different membership functions which ren-
ders better performance as empirical results will
show.

2 Support Vector Machines

2.1 Description

In this section, we produce a brief introduction
to binary Support Vector Machines theory. The
interested reader can find a detailed description
about Statistical Learning Theory and SVMs in
[4, 5] and [6, 7, 8], respectively.

SVMs are classification models which implements
the structural risk minimization (SRM) inductive
principle[5]. SVMs minimize the risk functional
bound by keeping the value of the training error
fixed (equal to zero or to some acceptable value)
and minimizing the VC confidence.

Let (x1, y1), . . . , (xl, yl) ∈ Rn × {−1,+1} be a set
of i.i.d. training samples. SV learning finds out
a canonical hyperplane {x ∈ Rn : 〈w,x〉 − b =
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0,w ∈ Rn, b ∈ R} that maximally separates the
two classes of training samples. The correspond-
ing classifier is

f(x) = sgn(〈w,x〉 − b). (1)

Considering that the training samples may be
non-linearly separable, to find the optimal de-
cision boundary one has to solve the following
quadratic programming problem:

minimize Φ(w, ξ) =
1
2
‖w‖2 + C

l∑
i=1

ξi (2)

under the constraints

yi[〈w,x〉 − b] ≥ 1− ξi, ξi ≥ 0 i = 1, 2, . . . , l, (3)

where C is a positive integer constant given for the
user at the beginning of the learning process. (2)
is solved using Lagrangian optimization theory [6,
7, 8]. The dual optimization problem is as follows

W (α) =
l∑

i=1

αi −
1
2

l∑
i,j=1

αiαjyiyj〈xi,xj〉 (4)

constrained to

l∑
i=1

αiyi = 0 and (5)

0 ≤ αi ≤ C, i = 1, . . . , l. (6)

where αi are the Lagrange multipliers. The cor-
responding w dual representation is

w =
∑
i∈S

yiαixi, (7)

where S is the set that contains the training sam-
ples xi with nonzero Lagrange multiplier. This
set contains training vectors for which equality
is achieved in inequality (3). This fact follows
from the Kühn-Tucker conditions. Training sam-
ples with a nonzero Lagrange multiplier are called
support vectors.

Let S be the index set of support vectors. By
substituting (7) in (1), the dual decision function
results

f(x) = sgn

(∑
i∈S

yiαi〈xi,x〉 − b

)
. (8)

Heretofore, decision boundary is a canonical hy-
perplane in Rn. However, it also possible to use
other more complex decision boundaries. To ob-
tain them, it is enough with applying a nonlinear
mapping

Φ : Rn → Z

x 7→ Φ(x), (9)

to map the samples into a new high-dimensional
feature space Z. An optimal separating hyper-
plane is constructed in this space. But there are
two problems: What does Φ function use? and
how to overcome the high computational cost of
such high-dimensional space Z? One can observe
in (4) and (8) that a training data never appear
isolated, but they are always into an inner prod-
uct. From this fact, it is derived that there is
no need to consider the feature space in explicit
form, but only the inner products between vectors
of the feature space Z are necessary. Those can
be computed through a kernel function, which is
defined as follows

K : Rn × Rn → R (10)
(xi,xj) 7→ K(xi,xj) = 〈Φ(xi),Φ(xj)〉.

A function fulfilling Mercer theorem [5, 9] is a ker-
nel functions. Kernels are introduced in SVMs by
substituting K(xi,xj) for 〈xi,xj〉 in every expres-
sion.

Finally, SVMs can be trained with several tech-
niques [10, 11, 12]. Particularly, we have used
the Sequential Minimal Optimization (SMO) al-
gorithm [12].

2.2 Pairwise Multiclass SVMs

SVMs were originally designed for binary classi-
fication, but they can also be extended to solve
multiclass classification. Currently there are two
approaches for multiclass SVM. One is based
upon the construction and combination of binary
classifiers. The other uses all data in one opti-
mization problem [5, 9, 13]. Here, we only con-
sider the first approach.

There are two major approaches to combine bi-
nary classifiers: “one-against-all” [14] and “one-
against-one”. The last method constructs k(k −
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Figure 1: An SVM hyperplane separating classes
i and j, with its corresponding band.

1)/2 classifiers where each one is trained on sam-
ples from two classes, while the other requires k
classifiers and each one is trained on data from
one class against the rest of classes. There are
several aggregation methods for both approaches.

For the “one-against-one” approach, there are two
standard aggregation strategies: one is the voting
strategy, the first use of which in SVMs was in
[14], and the other is the directed acyclic graph
SVM (DAGSVM) [15]. Both of them have their
advantages and weaknesses. In particular, both
of them are unable to provide a multiple class
answer, which is necessary, when there are un-
certainty in the outputs. For instance, although
formally correct, it is “risky” to make a decision
when the computed output is 0.05. In next sec-
tion, to alleviate these deficiencies we define a
procedure to build a classifier with fuzzy outputs
based on SVMs.

3 Fuzzy Classifiers based on SVMs

SVMs were first proposed and are mainly used to
solve crisp classification problem. However, they
can be easily used to build a classifier with fuzzy
outputs. Actually, by using different aggregating
operators, this can be achieved in different ways.
We describe some of them in this section.

Our main goal is to widen the kind of classifi-
cation problems to which SVM can be applied,
by incorporating problems where the output is a

fuzzy set in the class referential. This should be
reached while preserving or improving the classi-
fier performance, of course.

To reach the former goal, our basic idea is to ex-
press the output of individual SVM in terms of
fuzzy membership functions, and then aggregate
these outputs with Fuzzy Logic operators. As in
the pairwise multiclass approach, for each pair
of classes a binary SVM is built. Let fij(x) be
the decision function for the pair of classes i and
j. We introduce (k − 1) fuzzy membership func-
tions for every class. These membership functions
are built in the direction orthogonal to the opti-
mal separating hyperplane. From a (binary) SVM
that classifies class i against j, two membership
functions are obtained, namely, µij(x) and µji(x).
µij(x) is the degree of membership of x to the
class i according to fij(x). µji(x) gives the same
information with regard to class j.

Without loss of generality, we suppose that fij(x)
is positive when x is classified as belonging to the
class i. Hence, we can define µij(x) and µji(x) as
follows:

µij(x) =


1, fij(x) ≥ 1
0.5 + fij(x)/2, −1 < fij(x) < 1
0, fij(x) ≤ −1

(11)

µji(x) = 1− µij(x) (12)

Our definition for membership functions is differ-
ent from that proposed by [2, 3]. The difference
comes from our interpretation of the margin as
an area of uncertainty regarding the output the
SVM offers. You can only have certainty for the
answer, when the decision function value is out of
the margin, namely when |fij(x)| ≥ 1. The band
is an area where the uncertainty on the output
computed by the SVM grows as fij(x) moves to-
wards the opposite subspace (Fig. 1). We think
that a negative value for fij(x) does not mean
a zero degree of x belonging to class i. In this
case, the membership degree should be small —
actually, less than 0.5. But it will only extinguish
when going over the opposite band frontier. A
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value of 0 for fij(x) is a completely uncertain an-
swer, hence µij(x) = 0.5.

To obtain the (overall) membership degree of x
for each class, we need to aggregate (k− 1) mem-
bership degrees somehow. Fuzzy Logic literature
is rich in aggregation operators, as can be easily
checked through a quick browse of publications.
We have considered several choices, but we will
only show results for four of them: the average
operator, the min operator, the harmonic average
and the OWA operator [16].

The OWA operators deserve special attention.
They have an important feature: they associate a
weight with a position with respect to argument
relative order. The OWA operator requires a non-
increasing sort of the arguments, which makes it
a nonlinear operator. Then every position is pon-
dered by a weight, which can be learned. Yager’s
original proposal was to learn those weights for
specific applications through a gradient descent
method[17]. This adaptability of the operator en-
dows the system further flexibility allow it to bet-
ter reproduce the expected fuzzy output.

The final (fuzzy) answer of the system is expressed
in terms of k pairs (i, mi(x)), with mi(x) the
membership degree of x to the class i. mi(x) is
computed by aggregating the k−1 different mem-
bership functions for the class i.

When a crisp decision is necessary, the class as-
signed to x is

class = arg max
i=1,...,k

mi(x) (13)

4 Empirical Analysis

To test the validity of our proposal as well as
its performance, we have conducted a number of
experiments. Basically, they imply building the
model described above for a number of well known
problems. Then the model performance is com-
pared against non fuzzy versions of SVMs.

4.1 Methodology

The selected benchmark datasets are: dna,
satimage, glass and thyroid. The two first
datasets are included in Statlog collection [18] and

the other datasets belongs to UCI [19]. For dna,
satimage, and thyroid datasets, there are al-
ready standard splits in train and test parts. To
make fair use of the data, we applied a 10-fold
cross-validation process —on the training set—
to conduct model selection. Then we used all the
training data to build the model and evaluated
its performance on the test set. As for the glass
dataset, we have applied directly a 10-fold cross-
validation to evaluate the model. Hence, the per-
formance result showed for glass is the average
of all folds.

The model selection has been conducted as
follows: To minimize the parameter set, we
trained every dataset only with the RBF kernel

K(xi, xj) = e−
‖xi−xj‖

2

2σ2 . For the first three prob-
lems, we estimated the generalized performance
using σ2 = { 1

2γ }, where γ = {2, . . . , 2−7, 2−8}
and C = {2, 22, . . . , 27}. After these experi-
ments, we tried to tune kernel and cost param-
eters through some trial-and-error. In summary,
we made 10 × 7 × 3 = 210 experiments. As
for the thyroid dataset, SVMs with the follow-
ing parameter sets were trained: σ = {1.0} and
C = {1, 10, 102, . . . , 104}. Those values were
taken from [3]. So, we made 5 experiments. To
sum up, we have run 215 × 10 = 2150 compu-
tational experiments. Finally, we stop the opti-
mization algorithm for each problem, if the KKT
violation is less than 10−3.

Detailed information regarding the final winning
parameter sets is displayed on Table 1.

4.2 Results

Results for our experiments are shown on Table
2. These results are complemented with perfor-
mance of conventional (crisp) SVM for both ap-
proaches Max-Win and DAG, which are published
somewhere else. Figures for dna, satimage and
glass are taken from [20]. We also computed the
datum for the thyroid dataset.

These results prove that the fuzzy classifier built
on the SVM does not loose any precision com-
pared against the crisp models. There are slight
variations in results in both senses, but so small,
that they are not statistically significant. In ad-
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dition, these results show a little improvement
over those obtained with the other proposal for
building fuzzy classifiers with SVMs, the fuzzy
LS-SVMs [2, 3].

5 Conclusions

We have proposed a way to build a classifier
with fuzzy outputs based on a pairwise multiclass
Support Vector Machine. This proves the appli-
cability of this sound founded model to a new
class of problems. This points in a way in which
the strong and rigorous foundations of Statistical
Learning Theory can be used to back up results
obtained with fuzzy systems.

We have conducted a number of experiments to
test the performance of the new model applying
it on several real world datasets. The empirical
results show that there is no lost of performance,
and the expressiveness is highly improved.
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