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Abstract

Support Vector Machines (SVM) have demon-
strated their ability in solving classification prob-
lems in an optimal way with a solid mathematical
background. In this paper we improve the inter-
pretability of SVM’s by showing that every SVM
is exactly represented by a Fuzzy Rule Based-
System, for every kernel function used. Neverthe-
less, this system is in some way compact in their
rules and for that reason, we introduce another
FRBS, called δ-FRBS, that approximates it and
which is suitable to decompose its rules in simple
fuzzy propositions. We show it with an example
in the last section.

Keywords: Support Vector Machines, Fuzzy
Rule-Based Systems.

1 Introduction

Support Vector Machines (SVM) are learning sys-
tems based on statistical learning theory which
have attracted increasing attention from Learn-
ing Machine Community because of their optimal
applications in classification data and noise resis-
tance. SVMs have a beautiful high-dimensional
mathematical background because offer a linear
manner (in a feature space) to solve non-linear
classification problems in the input space.

Many applications have been found, speaker veri-
fication and identification, face detection and text
categorization among others [12, 10, 7] or fusion of
techniques like Fuzzy Support Vector Machines,
developed in [8] or a fuzzy modelling framework
based on support vector machine given in [6] or a

Fuzzy Kernel Perceptron, a new learning method
obtained [4].

Considering a possible limitation of being SVM
black boxes, studies about the situation have been
developed before this article [9], and restrictions
to the kernel functions have been imposed in some
of them. For example, an excellent research is
made in [5] where is shown that every translation
invariant kernel is a Mercers Kernel but not every
Mercers Kernel is translation invariant, leaving
excluded wide used kernel functions.

In this paper we construct a simpler set of fuzzy
rules from a trained SVM for every commonly
used Kernel function and we provide an interpre-
tation for every SVM by means of Fuzzy Rule-
Based Systems (FRBS) which have previously
demonstrated [1, 3] their ability to extract the
knowledge from feedforward multi-layer neural
networks.

In sections 2 and 3 we offer a couple of tutorials
(SVM and FRBS respectively) that could help to
the non specialist reader. In section 4 we give
the novel set of rules and finally in section 5 pro-
vide useful examples for commonly used kernels
functions.

2 Support Vector Machines

A Support Vector Machine in its dual form is
given by

f(~x) = sign(
m∑

k=1

αiyiK(~x, ~xi) + b) (1)

Where K is a a kernel function which satisfy the
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Mercer’s conditions [11], and using it is possible
to make all the necessary operations in the orig-
inal (input) space by using < φ(~xi), φ( ~xj) >=
K(~xi, ~xj) because K(~xi, ~xj) is a dot product in a
feature space where the problem is linearly classi-
fiable. And φ(~x) is a function which maps vectors
from the input space to the feature space.

We recommend [2, 11] for an extensive explana-
tion of learning (training) algorithms for SVM.

Most used kernel functions are showed below:

exp−(‖~x − ~ω‖2/2σ2), exp−(‖~x − ~ω‖/2σ2),
tanh(α < ~x, ~ω > +β), < ~x, ~ω >p, (< ~x, ~ω > +1)p.

3 Fuzzy Rule-Based Systems

3.1 TSK Fuzzy Rule-Based Systems

Takagi-Sugeno-Kang FRBS usually present the
following form:

Rk = If X1 is A1 and X2 is A2 and ...Xn is An

then Yk = pn.Xn + pn−1Xn−1 + ... + p1X1 + p0

where Xi are the system input variables, Ai are
fuzzy sets specifying their meaning, and Y is the
output variable. The output Y of a FRBS with m
TSK rules is computed as the weighted average of
the individual rule outputs Yi i = 1, ..,m, in the
following way:

Y =
Pm

i=1 Yigi

(
Pm

i=1 gi)

where gi = T (A1(x1), ..., An(xn)) is the matching
between the antecedent part of the rule and the
current system inputs, T is a t-norm and ~x =
(x1, x2, ..., xn).

This kind of Fuzzy Rule-Based Systems output
will be used in the implementation of the FRBS
that we propose in this article. The fuzzy rules
will be implemented such that, just one fuzzy
proposition is used in IF-part and THEN-part is
only composed by p0.

4 Support Vector Machines are Fuzzy
Rule-Based Systems

The set of support vectors{ ~x1, ~x2, ..., ~xm} and
αi, yi (for 1 ≤ i ≤ m) are already fixed, defined
by training.

For that reason,

m∑

k=1

αiyiK(~x, ~xi) = 〈−−→αiyi,
−−−−−→
K(~x, ~xi)〉 = h(~x)

being the last expression the dot product
in Rm and vectors −−→αiyi=(α1y1, ..., αmym),−−−−−→
K(~x, ~xi)=(K(~x, ~x1), ..., K(~x, ~xm)).

Theorem 1 For every Support Vector Machine
as

f(~x) = sign(
∑m

k=1 αiyiK(~x, ~xi) + b)

the following Fuzzy Rule-Based System

R1 : If h(~x) is I(η,∞) then Y1 = 1
R2 : If h(~x) is I∗(η,∞) then Y2 = −1

where

I(η,∞)(x) =
{

1 if x ∈ (η,∞)
0 if x ∈ (−∞, η)

I∗(η,∞)(x) = 1− I(η,∞)(x)

η = |b| if b ≤ 0, and η = −b if b > 0;

with output Y =
P2

i=1 Yigi

(
Pm

i=2 gi)

where g1 = I(η,+∞)(h(~x)) and g2 = I∗(η,+∞)(h(~x));

is such that, for every ~x in the input space,

Y =
∑2

i=1 Yigi

(
∑2

i=1 gi)

= sign(
m∑

k=1

αiyiK(~x, ~xi) + b) = f(~x).

Let ~e be a vector belonging to input space and
we evaluate it the Fuzzy Rule-Based System an-
nounced above,

If h(~e) ∈ (−∞, η) the output fired is

Y =
∑2

i=1 Yigi∑2
i=1 gi

=
Y2g2

g2
= Y2 = −1

= sign(h(~e) + b)

= sign(
m∑

k=1

αiyiK(~x, ~xi) + b) = f(~x)
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If h(~e) ∈ (η,∞) the output fired is

Y =
∑2

i=1 Yigi

(
∑2

i=1 gi

=
Y1g1

g1
= Y1 = 1

= sign(h(~e) + b)

= sign(
m∑

k=1

αiyiK(~x, ~xi) + b) = f(~x)

Y =
∑2

i=1 Yigi

(
∑m

i=2 gi)
=

{
1 if h(~e) ∈ (η,∞)
−1 if h(~e) ∈ (−∞, η)

Even thought we have found a FRBS that fires
the same output that a SVM for every Kernel
function, interpretability has not been improved.

For that reason, in order to improve interpretabil-
ity of SVM by means a FRBS we will construct
another FRBS that approximates to the later
given, and it will let us extract knowledge in an
easier way:

Theorem 2 For every Support Vector Machine
as

f(~x) = sign(
∑m

k=1 αiyiK(~x, ~xi) + b)

the following Fuzzy Rule-Based System

R1 : If h(~x) is S(η− δ
2
,η+ δ

2
) then Y1 = 1

R2 : If h(~x) is S∗
(η− δ

2
,η+ δ

2
)
then Y2 = −1

where

S(η− δ
2
,η+ δ

2
)(x)=Sigmoid function with (η− δ

2 , η+ δ
2)

(Fig.1),

S∗
(η− δ

2
,η+ δ

2
)
(x) = 1− S(η− δ

2
,η+ δ

2
)(x),

η = |b| if b ≤ 0, and η = −b if b > 0;

with output Y =
P2

i=1 Yigi

(
Pm

i=2 gi)
where

g1 = S(η− δ
2
,η+ δ

2
)(h(~x)) and g2 = S∗

(η− δ
2
,η+ δ

2
)
(h(~x))

is such that, when δ −→ 0 for every ~x in the input
space, Y −→ f(~x)

Let ~e be a vector belonging to input space and
we evaluate it the Fuzzy Rule-Based System an-
nounced above,

Figure 1: Sigmoid function with (η − δ
2 , η + δ

2).

R1 : If h(~e) is S(η− δ
2
,η+ δ

2
) then Y1 = 1

R2 : If h(~e) is S∗
(η− δ

2
,η+ δ

2
)

then Y2 = −1

If h(~e) ∈ R the output fired is

Y =
∑2

i=1 Yigi

(
∑2

i=1 gi

=
1 · g1 − 1 · g2

g1 + g2
=

g1 − g2

g1 + g2

(g2 = 1− g1)

=
g1 − (1− g1)
g1 + (1− g1)

=
g1 − 1 + g1

1
= 2 · g1 − 1

= 2 · S(η− δ
2
,η+ δ

2
)(h(~e))− 1.

As we have seen, our Fuzzy Rule-Based System
fires the following output:

Y = 2 · S(η− δ
2
,η+ δ

2
)(h(~e))− 1.

We also find that 0 = 2 · S(η− δ
2
,η+ δ

2
)(h(~e)) − 1 is

possible only for S(η− δ
2
,η+ δ

2
)(h(~x)) = 1

2 , idem est,
the boundary is fixed in η.

Thus, when δ −→ 0 (Fig.2), it means γδ −→∞
Y = 2 ·S(η− δ

2
,η+ δ

2
)(h(~e))−1 = 2 ·

(
1

1+e(−λδ(x))

)
−1

(with γδ −→∞)

=
{

1 if h(~e) ∈ (η,∞)
−1 if h(~e) ∈ (−∞, η)

.

Definition 1 : A Fuzzy Rule-Based System with
the features in Theorem 2 is called δ-FRBS.
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Figure 2: Sigmoid function when δ −→ 0.

5 Improving the interpretability

As next step, to improve the interpretability of
δ-FRBS, we invoke some results from [1, 3]. We
announce them but, the respective demonstration
will not be given here.

5.1 Previous results

Proposition 1 : Let f : X −→ Y be a bijective
function and let ⊕ be a binary operation defined
in the domain of f , X. Then there is one and
only one operation, ⊗ , defined in the range of f ,
Y , verifying f(x1 ⊕ x2) = f(x1)⊗ f(x2).

Definition 2 : Let f be a bijective function and
let ⊕ be an operation defined in the domain of f .
The operation ⊗ whose existence is proven in the
preceding proposition is called the f -dual of ⊕.

Now, let us consider the operation + in R and
the sigmoid function S(η− δ

2
,η+ δ

2
). The latter is a

bijective function from R to (0, 1). Thus we have
the following,

Lemma 2 : The S(η− δ
2
,η+ δ

2
)-dual of + is ⊗, defined

as ∗(a1, ..., an) = a1···an

a1···an+(1−a1)···(1−an)·e−(n−1)·η·λδ

Lemma 3 : The S∗
(η− δ

2
,η+ δ

2
)
-dual of + is ⊗, defined

as ∗(a1, ..., an) = a1···an

a1···an+(1−a1)···(1−an)·e(n−1)·η·λδ

5.2 Applying f-duality

Remembering the nature of h(~x) we have:

R1 : If
∑m

k=1 αiyiK(~x, ~xi) is S(η− δ
2
,η+ δ

2
)(x)

Then Y1 = 1
R2 : If

∑m
k=1 αiyiK(~x, ~xi) is S∗

(η− δ
2
,η+ δ

2
)
(x)

Then Y2 = −1

Applying the operator ∗, taking in count that sig-
moid function is bijective,

R1 : If α1y1K(~x, ~x1) is S(η− δ
2
,η+ δ

2
)(x) ∗

α2y2K(~x, ~x2) is S(η− δ
2
,η+ δ

2
)(x) ∗...∗

αmymK(~x, ~xm) is S(η− δ
2
,η+ δ

2
)(x)

Then Y1 = 1
R2 : If α1y1K(~x, ~x1) is S∗

(η− δ
2
,η+ δ

2
)
(x) ∗

α2y2K(~x, ~x2) is S∗
(η− δ

2
,η+ δ

2
)
(x) ∗...∗

αmymK(~x, ~xm) is S∗
(η− δ

2
,η+ δ

2
)
(x)

Then Y2 = −1

R1 : If K(~x, ~x1) is S(η− δ
2
,η+ δ

2
)(xα1y1) ∗

K(~x, ~x2) is S(η− δ
2
,η+ δ

2
)(xα2y2) ∗...∗

K(~x, ~xm) is S(η− δ
2
,η+ δ

2
)(xαmym)

Then Y1 = 1
R2 : If K(~x, ~x1) is S∗

(η− δ
2
,η+ δ

2
)
(xα1y1) ∗

K(~x, ~x2) is S∗
(η− δ

2
,η+ δ

2
)
(xα2y2) ∗...∗

K(~x, ~xm) is S∗
(η− δ

2
,η+ δ

2
)
(xαmym)

Then Y2 = −1

R1 : If K(~x, ~x1) is S
(

η− δ
2

α1y1
,

η+ δ
2

α1y1
)
(x) ∗

K(~x, ~x2) is S
(

η− δ
2

α2y2
,

η+ δ
2

α2y2
)
(x) ∗...∗

K(~x, ~xm) is S
(

η− δ
2

αmym
,

η+ δ
2

αmym
)
(x)

Then Y1 = 1
R2 : If K(~x, ~x1) is S∗

(
η− δ

2
α1y1

,
η+ δ

2
α1y1

)
(x) ∗

K(~x, ~x2) is S∗
(

η− δ
2

α2y2
,

η+ δ
2

α2y2
)
(x) ∗...∗

K(~x, ~xm) is S∗
(

η− δ
2

αmym
,

η+ δ
2

αmym
)
(x)

Then Y2 = −1

and then K(~x, ~xi) can be seen as K(O(~x, ~xi))
where O(~x, ~xi) is a function like a < ~x, ~xi > or
‖~x− ~xi‖. For example,

tanh(ξ < ~x, ~xi > +γ) = K(O(~x, ~xi)) where
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O(~x, ~xi) =< ~x, ~xi > and K(x) = tanh(ξ(x) + γ).

In this way we get,

R1 : If O(~x, ~x1) is S
(

η− δ
2

α1y1
,

η+ δ
2

α1y1
)
(K(x)) ∗

O(~x, ~x2)) is S
(

η− δ
2

α2y2
,

η+ δ
2

α2y2
)
(K(x)) ∗...∗

O(~x, ~xm) is S
(

η− δ
2

αmym
,

η+ δ
2

αmym
)
(K(x))

Then Y1 = 1
R2 : If O(~x, ~x1) is S∗

(
η− δ

2
α1y1

,
η+ δ

2
α1y1

)
(K(x)) ∗

O(~x, ~x2) is S∗
(

η− δ
2

α2y2
,

η+ δ
2

α2y2
)
(K(x)) ∗...∗

O(~x, ~xm) is S∗
(

η− δ
2

αmym
,

η+ δ
2

αmym
)
(K(x))

Then Y2 = −1

with output Y =
P2

i=1 Yigi

(
Pm

i=2 gi)
, where

g1 = ∗(S
(

η− δ
2

α1y1
,

η+ δ
2

α1y1
)
(K(x)), S

(
η− δ

2
α2y2

,
η+ δ

2
α2y2

)
(K(x)),

..., S
(

η− δ
2

αmym
,

η+ δ
2

αmym
)
(K(x)))

g2 = ∗(S∗
(

η− δ
2

α1y1
,

η+ δ
2

α1y1
)
(K(x)), S∗

(
η− δ

2
α2y2

,
η+ δ

2
α2y2

)
(K(x)),

..., S∗
(

η− δ
2

αmym
,

η+ δ
2

αmym
)
(K(x))

This kind of rules, which represent Support Vec-
tor Machines, offer us the knowledge that we were
looking for.

In the following example we exhibit an particular
case of theory developed above, solving the X-Or
classification problem.

6 Examples

6.1 the X-Or problem

After training, A Support Vector Machine which
solves the problem in an optimal way has the fol-
lowing form:

f(~x) = sign
(∑m

k=1 αiyi(< ~x, ~xi > +1)3 + b
)

being (< ~x, ~xi > +1)3 = K(~x, ~xi), η = 5.55e−017
and∣∣∣∣∣∣∣∣∣∣

~xi yi αi

~x1 = (−1,−1) −1 α1 = 0.038461538461538464
~x2 = (−1, +1) +1 α2 = 0.038461538461538464
~x3 = (+1,−1) +1 α3 = 0.038461538461538464
~x4 = (+1, +1) −1 α4 = 0.038461538461538464

∣∣∣∣∣∣∣∣∣∣

With these values, we get our δ-FRBS with the
following membership functions:

S
(

η− δ
2

αiyi
,
η+ δ

2
αiyi

)
((x + 1)3) =

1
1 + e(−λδ(αiyi(x+1)3−η))

which are sigmoid functions centered in 3

√
η

αiyi
−1.

The rules are:

R1 : If < ~x, ~x1 > is S
(

η− δ
2

−α1
,
η+ δ

2
−α1

)
((x + 1)3) ∗

< ~x, ~x2 > is S
(

η− δ
2

α2
,
η+ δ

2
α2

)
((x + 1)3) ∗

< ~x, ~x3 > is S
(

η− δ
2

α3
,
η+ δ

2
α3

)
((x + 1)3) ∗

< ~x, ~x4 > is S
(

η− δ
2

−α4
,
η+ δ

2
−α4

)
((x + 1)3)

Then Y1 = 1
R2 : If < ~x, ~x1 > is S∗

(
η− δ

2
−α1

,
η+ δ

2
−α1

)
((x + 1)3) ∗

< ~x, ~x2 > is S∗
(

η− δ
2

α2
,
η+ δ

2
α2

)
((x + 1)3) ∗

< ~x, ~x3 > is S∗
(

η− δ
2

α3
,
η+ δ

2
α3

)
((x + 1)3) ∗

< ~x, ~x4 > is S∗
(

η− δ
2

−α4
,
η+ δ

2
−α4

)
((x + 1)3)

Then Y2 = −1

The membership functions of these rules are illus-
trated in Fig.3 and Fig.4.

Figure 3: The membership function
S

(
η− δ

2
−α1

,
η+ δ

2
−α1

)
((x+1)3−η) = S

(
η− δ

2
−α4

,
η+ δ

2
−α4

)
((x+1)3−η)
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Figure 4: The membership function
S

(
η− δ

2
α2

,
η+ δ

2
α2

)
((x + 1)3) = S

(
η− δ

2
α3

,
η+ δ

2
α3

)
((x + 1)3)

7 Conclusions

As shown in X-Or example we contribute by
means of this research to interpretability of SVMs
and its conversion in simple rules. It repre-
sents an important step in the knowledge extrac-
tion/insertion of SVM. In future works we will
show how to replace the operator ∗ in the IF-part
by t-norms and t-conorms in a commonly fashion.
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Manuel Puche for his help and cooperation in this
work.

References

[1] J. M. Benitez, J. L. Castro, and I. Requena,
”Are artificial neural networks black boxes?”
IEEE Trans. Neural Networks, vol. 8, pp.
1156-164, Sept. 1997.

[2] C. J. C. Burges. ”A Tutorial on Support
Vector Machines for Pattern Recognition”
Knowledge Discovery and Data Mining, 2(2),
1998.

[3] J.L. Castro, C.J. Mantas, J.M. Benitez, ”In-
terpretation of Artificial Neural Networks by

means of Fuzzy Rules” IEEE Transanctions
on Neural Networks, Vol. 13, No. 1, January
2002

[4] J. Chen and C. Chen, ”Fuzzy Kernel Percep-
tron” IEEE Trans. Neural Networks, vol. 13,
No. 6 pp. 1364-1373, Nov. 2002.

[5] Y. Chen and J. Wang, ”Support Vector
Learning for Fuzzy Rule-Based Classifica-
tion Systems” IEEE Trans. Fuzzy Systems,
vol.11, pp. 716-728, Dec. 2003.

[6] J. Chiang and P. Hao, ”Support Vector
Learning Mechanism for Fuzzy Rule-Based
Modeling: A New Approach” IEEE Trans.
Fuzzy Systems, vol. 12, No.1., pp. 1-12, Feb.
2004.

[7] S. Dumais, ”Using SVMs for text cat-
egorization,” IEEE Intelligent Systems,
July/August 1998 pp: 21- 23.

[8] C. Lin and S. Wang, ”Fuzzy Support vec-
tor Machines” IEEE Trans. Neural Networks,
vol. 13, pp. 464-471, March. 2002.
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