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Abstract

The fundamental concept of the fuzzy logic has
been weakened by requiring a mere membership
relation; consequently an ordered fuzzy number
(OFN) arises as an ordered pair of continuous real
functions defined on the interval [0,1]. Four al-
gebraic operations are constructed in a way that
renders them an algebra. Further, a norm is intro-
duced which makes them a Banach space. A class
of linear defuzzyfication operations on the algebra
of OFN’s is introduced. New algebraic methods of
determining activation levels of multiconditional
fuzzy If-Then rules are proposed. Examples of
compositional rules of inference are given. The
proposed operations and methods have been im-
plemented in the form of a fuzzy calculator work-
ing under Windows and a class of controllers.

Keywords: Fuzzy logic, ordered fuzzy numbers,
defuzzyfication, linear functional, inference rules.

1 Introduction

Classical fuzzy sets are convenient as far as a sim-
ple interpretation in the set-theoretical language
is concerned. However, we could ask: how can we
imagine a fuzzy information, say X, in such a way
that by adding it to the fuzzy information A the
fuzzy information C will be obtained?

In the classical approach for numerical handling
of fuzzy quantities the extension principle [1], [2]
is of fundamental importance. The commonly ac-
cepted theory of fuzzy numbers is that set up by
Dubois and Prade [5]. However, if one wants to
stay within their class of (L, R)-numbers while
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following the extension principle, approximations
of fuzzy functions (and operations) are needed.
They may lead to large computational errors [13]
that cannot be further controlled when applying
them repeatedly.!

In a series of papers (see [19, 20, 21] for refer-
ence) we have answered the above question by
constructing a more general class of fuzzy num-
bers called ordered fuzzy numbers. There the con-
cept of the membership function has been weak-
ened by requiring a mere membership relation;
consequently a fuzzy number arises as an ordered
pair of continuous real functions defined on the in-
terval [0,1]. Four algebraic operations have been
constructed on OFN’s in a way that renders them
an algebra. Further, a normed topology has been
introduced which makes them a Banach space and
hence an infinite number of defuzzyfication meth-
ods can be defined.

2 Convex fuzzy numbers and
invertibility

The concept of an ordered fuzzy number (OFN)
has been introduced by the authors in their joint
paper [19]. Before the term of the ordered fuzzy
number has arrived we discussed an intermedi-
ate concept, namely, an oriented fuzzy number in
[15, 16, 18, 17]. Such a number possesses proper-
ties close to the classical (of Zadeh type) fuzzy
number with convex (precisely, strictly quasi—
concave) membership functions, and is equipped
with an extra feature, namely the orientation of

!Overcoming this drawback could be of a great help in

constructing fuzzy inference systems, fuzzy controllers, not
mentioning an effective fuzzy calculus [3, 14, 25].
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its graph. The orientation has introduced a possi-
bility to overcome some drawbacks? observed for
example in [3, 9, 11, 13, 24] if one wants to stay
within the Dubois and Prade’s [5] representation
of fuzzy numbers (or working on convex fuzzy
numbers [4, 11]) while following the Zadeh’s ex-
tension principle dealing with operations on them.

Classically, in the Zadeh’s definition, by a fuzzy
real one understands a fuzzy set in which the uni-
verse X is a set of real numbers R. In [15] condi-
tions distinguishing fuzzy membership functions
corresponding to fuzzy reals are proposed. They
are in some sense similar to those given by Nguyen
and Wagenknecht in [11, 13]. The crucial point
is the assumption of quasi-invertibility. Let us re-
call, by [10], the following notion :

Definition 1. Function f : R — R is strictly
quasi-convex, iff for any z,y,z2 € R, z <y < z,
we have

According to the fundamental theorem for strictly
quasi—convex functions [10], fuzzy numbers with
quasi-convex membership functions are quasi-
invertible:

Proposition 1. (cf. [19]) Let a fuzzy number
A= (R, pa) be given with ps : R — [0, 1] as its
membership function —p4 being strictly quasi—
convex, and such that 1 € pa(R), and the sup-
port of w4 is an interval (l4,pa), la,pa € R.
Then there exist 1}, 12 € (la,pa) such that p g is
invertible (increasing) on (l4,1}), invertible (de-
creasing) on (1%,p4), and constantly equal to 1
on [15,1%]. A

Quasi-invertibility (1) enables to state quite an
efficient calculus on fuzzy reals [15]. Given A =
(R,14), B= (R, up), one can construct the sum
C = A+ B by pairwise adding inverses of the
increasing and decreasing parts of functions p»
and pp. In case of trapezoidal fuzzy membership
functions this operation can be encoded in terms
of equations lg = s + I, 15 = 1 + 15, 125 =

2Convex fuzzy numbers do not possess neutral elements
of addition and multiplication, they lead to the blow-up of
the width of supports (i.e. fuzziness) after multiple fuzzy
operations, they cannot be equipped with a linear structure
and hence any norm.

11? + 11; and po = pa + pp. Analogously, one
could define subtraction A — B.

Operating on membership functions satisfying
conditions of Proposition defined on R (which
are locally invertible), is similar to the case of
convex fuzzy numbers [4, 11, 15].Results of such
operations can be treated as inverse parts of re-
sulting fuzzy numbers. However,when the opera-
tion of subtraction is done making the inverse of
the resulting difference between number A and B,
one can get as a result an improper fuzzy number
[15, 16, 18], i.e. an object which does not possess a
membership functions in the above classical sense.

On the other hand this observation has helped us
to make one step more in our development and
to define a more general object than the convex
fuzzy number, namely an ordered fuzzy number as
a pair of functions defined on the interval [0, 1].

3 Ordered fuzzy numbers

In [20], we have referred to one of the very first
representations of a fuzzy set defined on a universe
X (the real axis R, in the case of fuzzy numbers)
of discourse. In that representation® (cf. [1, 7]) a
fuzzy set A was defined as a set of ordered pairs
{(z,pz)}, where x € X and p, € [0,1] as the
grade (or level) of membership of = in A.

Now the concept of membership functions is
weakened by membership relation.

Definition 1. An ordered fuzzy number A € F is
an ordered pair of two continuous functions, A =
(Zups Tdown ), called the up-branch and the down-
branch, respectively, both defined on the closed
interval [0, 1] with values in R. A

From the continuity follows that the images of
both functions are bounded intervals, to which
the terms UP and DOWN, can be attached, re-
spectively. If we use the symbols UP = (l4,1})
and DOWN = (1},pa), and add the third in-
terval CONST = (1;,1%), then we can see that
they are three subintervals that have appeared
in the splitting of the support of each convex
fuzzy number, discussed above. In general those

3Later on, one assumed that p. is (or must be) a func-

tion of z. However, originally, A was just a relation in the
product space X x [0, 1].
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subintervals are directed intervals (in the sense of
Kaucher [8]), i.e. they may not satisfied the con-
ditions [, < 1, and lj < pa. However, when
both functions are strictly monotonic and more-
over Typ < Tdown, then all above subintervals are
proper, with the following relationships:

la = @up(0) ;15 = yp(1) (2)
1;{ = mdown(l) ,PA ‘= l‘down(o) s

and the property
a4 <13 <14 <pa.

The added interval on which the (membership)
function of z variable is constant, i.e. the in-
terval [15,17%] gives the whole interval together
with the previous UP and DOWN, namely UP U
[1%,1,]U DOWN. A new membership func-
tion 4 can be piecewisely defined on R by taking
the inverse z,; of the function of z,(y) on UP
and the inverse x;olwn of the function zgoun(y)
on DOWN. On the added interval CONST we
put constant value equal to 1 for the constructed
membership p4. Notice that now we have an ex-
tra feature for that function, namely the orien-
tation of its graph. It is worthwhile to notice
that all convex numbers are included in the set
of ordered fuzzy numbers as a subset. Curves
(Zup, Tdown) and (Zdown, Tup) do not differ* graph-
ically on the coordinate system in which z-axis
proceeds y-axis.

We have used in our papers [17, 19, 20, 21, 22, 23]
the up-arrow and down-arrow to denote the or-
dered fuzzy number A = (zyp, Tdown) = (xL, xﬁl)
Now to make it shorter we write two universal let-
ters f and g for any OFN, i.e. for A = (f4,94),
and for B = (fp,gp). Operations on ordered
fuzzy numbers are introduced in the following def-
inition.

Definition 2. Let A = (fa,94), B = (fB,9B)
and C = (fc,gc) are ordered fuzzy numbers.
The sum C = A + B, subtraction C = A — B,
product C' = A - B, and division C = A/B are
defined by formula

fo(s) = fa(s) = fB(s)

“However, the corresponding curves determine two dif-
ferent ordered fuzzy numbers: they differ by the orienta-
tion: if the first curve has the positive orientation, then
the second one has negative.
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go(s) = ga(s)xgp(s), s€[0,1].  (3)

where "+ stands for 747, 7 =", """ "and " /", re-
spectively, and where A/ B is defined, iff zero does
not belong to intervals UP and DOWN of B. A

Notice that the subtraction of B is the same as
addition of the opposite of B, i.e. the number
(—1)- B; and the difference B — B is a crisp (real)
zero. On the other hand, if for A = (f,g) we
define its complement A = (—g, —f) (please note
that A # (—1) - A), then the sum A + A gives
a fuzzy zero 0 = (f — g,—(f — g)) in the sense
of the classical fuzzy number calculus: the com-
plementary number plays the role of the opposite
number in the sense of the Zadeh’s model, since
the sum of the both gives a fuzzy zero, non-crisp,
in general [15, 16, 18, 20].

3.1 Normed structure of OFN’s

The pointwise multiplication by a scalar (crisp)
number, together with the operation addition lead
to a linear structure of F - the set of all OFN’s.
Now one can introduce the norm over F as :

||A]] = max(sup [fa(s)|, sup [ga(s)])  (4)
sel sel

Hence F can be identified with C([0,1]) x
C([0,1]). Finally, F is a Banach algebra with
the unity (17,17)~ a pair of constant functions
1f(y) = 1, for y € [0,1]. Previously, a Banach
structure of an extension of convex fuzzy num-
bers was introduced by Goetschel and Voxman
[6]. However, they were only interested in the lin-
ear structure of this extension.

On the space F we can introduce a pre—order [21]
by defining a function W : F — C([0, 1]) with the
help of the relation

W(A) = (fa+ga), ()

its value W (A) is called a variation of the number
A= (fa,94). Then we say that the ordered fuzzy
number A is not smaller than the number B, and
write A = B, if

W(A)>W(B) & W(A-B)>0. (6)

We say that the number C is non-negative if
its variation W(C') > 0. Notice that there are
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ordered fuzzy numbers that are not comparable
with zero. Thanks to this relation in the Banach
algebra F we may define two ideals: the left and
the right ones, which are non-trivial and possess
proper divisors of zero [21].

3.2 Defuzzyfication

This is the main operation in fuzzy inference sys-
tems and fuzzy controllers [3, 14, 25]. In the
case of the product space F, according to the
Banach-Kakutami-Riesz representation theorem,
each bounded linear functional ¢ is given by a
sum of two bounded, linear functionals defined
on the factor space C([0, 1]), i.e.

a0 = [ Ta6m(@s) + [ gaatds)
)

where the pair of continuous functions (f4,g4) €
F represents an ordered fuzzy number, and p1, p2
are two Radon measures on |0, 1].

From this formula an infinite number of defuzzyfi-
cation methods can be defined. In particular, the
standard procedure given in terms of the area un-
der membership function (relation) can be gener-
alized. It is realized by the pair of linear combina-
tions of the Lebesgue measure of [0, 1]. Moreover
a number of non-linear defuzzyfication operators
can be defined as compositions of multivariant
nonlinear functions defined [21] on the Cartesian
products of R and linear continuous functionals
on the Banach space F .

4 Reasoning with OFN’s

The generalized concept of fuzzy numbers must
possess its implementation in the fuzzy reasoning
to build a fuzzy inference system in which fuzzy
rules appear.

Premise and consequent parts of fuzzy rules con-
tain linguistic variables that can attain values in
the form of ordered fuzzy numbers. This makes
possible to operate on them in the effective (even
symbolic) way while calculating.

If, for example, two-conditional, fuzzy If-Then
rule appears

(R) if 1 is A; and x5 is Ay then zis C |,

where x1,x2 and z are linguistic variables while
Aq, As and C are ordered fuzzy numbers, the level
of activation ar of R or firing strength of the fuzzy
rule must be calculated.

Knowing that A; and As are two OFN’s the acti-
vation level of R at x1, x2 can be calculated based
on the algebraic multiplication of A; and As, as
follows

a’R(xl»fUQ) = max arg{B(y) = $1932}, (8)
with y € [0,1] and B=A;- Ay .

It should be stressed that before such operations
are defined all variables need to be made dimen-
sionless.

In the case when both OFN’s A1 and A; and their
product B = Aj - Ay are convex numbers with
classical membership functions then the result of
calculation in (8) will be

ar (21, 22) = pp(r172) , 9)

with up as the membership function of the con-
vex fuzzy number B = A; - Ay. If in the fuzzy
rule R the conjunction is replaced by the alter-
native then the algebraic addition can replace the
multiplication in (8), i.e.

(IR("L’l, ZI,'Q) = maxarg{B(y) =1+ .’EQ},

with y € [0,1] and B = A; + As . (10)

Other methods have been proposed by in [26], i.e.
arithmetic mean, mean with constrain or with al-
ternation of orientation on the support. The gen-
eralization to more than two conditions (linguistic
variables) is straightforward.

4.1 Fuzzy inference

In the approximate reasoning the compositional
rule of inference says that from a fuzzy fact (e.g.
x is A’) and the rule (e.g. if 2 is A then z is B) a
consequent (conclusion: z is B’) is derived. If the
fuzzy rule is denoted by R then from the fuzzy
fact x is A’ the deduction of the consequent in
the form of a fuzzy set B’ made in the course of
the fuzzy reasoning, is schematically defined by

B'=A0R , (11)

where o denotes the composition operator; it is
just the composition rule of inference in the fuzzy
(approximate) reasoning.
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For the fuzzy rule R, with W, B € F, of the form
it x is W then z is B (12)

in the first example of compositional rule of infer-
ence based on the multiplication operator we put
2,(+) = B’ for (11), as

B =yu(x)(fB,98) if x € fw([0,1])
B =yq(z)(fB,98) if =€ gw([0,1]), (13)

if the intervals gy ([0,1]), fw ([0, 1]) are disjoint,
where B and W are represented by the pairs:

W = (fw,9w), B=(fB.98) , (14)

and the numbers y, and y4; are defined by the
relations

yu(z) = maxarg{ fw(y) =z}, y € [0,1]
ya(r) = maxarg{gw (y) = =}. (15)

If the intervals gw ([0, 1]), fw ([0, 1]) are not dis-
joint then B’ is given by the formula

B’ = max{y,(z),v4(z)} (B, 9B) - (16)

If fw(1) # gw(1l) , i.e. there exists (not degen-
erated to a point) an interval of constancy of W
on which the membership relation is equal to one
in y variable®, then both formulae (13) and (16)
lead to a unique relationship

B = (fB,98) (17)

since then y, () = ya(x) =1 by (15).
5 Implementation and conclusions

For the practical application of OFN a software
in the Object Pascal environment of Delphi has
been designed in [26] for implementation of a fam-
ily of fuzzy controllers that allow to choose differ-
ent methods of evaluation of the rule activation
level, inference and defuzzyfications. It also pos-
sesses the possibility to vary between Mamdani
and Takagi-Sugeno-Kang controllers. All data are
stored as OFN’s.

5Notice that if the fuzzy number W were convex it could

correspond to unity in the value of the membership func-
tion of W .
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Presented in the paper methods show that convex
fuzzy numbers equipped with the extra property—
orientation and then regarded as OFN’s give more
flexibility® in applications and lead to new fea-
tures in dealing with fuzzy rules and fuzzy infer-
ence.
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