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Spain

{pb,llayos}@mat.upm.es

Elizabeth Tapia
Escuela de Ingenieŕıa Electrónica
Universidad Nacional de Rosario

Argentine
etapia@eie.fceia.unr.edu.ar

Abstract

This paper deals with the design of scal-
able, fuzzy adaptive, decision making
systems constructed from sets of hetero-
geneous classifiers. We propose a multi-
classifier architecture formed by sparsely
connected coalitions of classifiers. Coali-
tions are defined by fuzzy integral oper-
ators on small, but not necessarily dis-
joint, subsets of classifiers. The small
size constraint on individual coalitions
is intended for both the interpretabil-
ity of fuzzy measures and low complex-
ity of fuzzy integral operators. In ad-
dition, the sparse connection constraint
guarantees realizable good independent
coalitions amenable to further informa-
tion fusion stages. Simple rules regard-
ing the number of coalitions, the num-
ber of classifiers per coalition and the
number of coalitions where each clas-
sifier should participate are presented.
Experimental results show the feasibil-
ity of our proposal.

Keywords: Scalability, multiclassifier
architecture, fuzzy integral, mutual in-
formation, sparse matrix.

1 Introduction

The design of multiclassifiers systems is a promis-
ing line of research in the field of decision making.
Roughly speaking, the design of these systems can
be separated in two parts [14]. The first part con-
cerns to the design of the base of classifiers (types,

characteristics, quantity. . . ) and is highly prob-
lem specific. The second part, which is common
to several applications, is devoted to the design
of combination methods over individual classifi-
cation results.

It is natural that if the number of heterogenous
classifiers (n) is increased, the probability of com-
mon misclassifications should diminish. In fact,
two conditions increase decision making perfor-
mance [6, 8]: the accuracy of individual informa-
tion sources (classifiers) and their diversity. How-
ever, under an increasing number of classifiers,
many combinations methods might yield to in-
consistent results and/or increase their compu-
tational complexity unacceptably as in the case
of the fuzzy integral (FI) approach. Inconsisten-
cies might be due to flaws in information fusion
schemes. Particulary, precision problems arise at
the estimation of FI parameters when decompos-
able measures, λ-measures, are used. Regarding
the consistency of combining schemes, it seems
better to work with small sets of classifiers. Fur-
thermore, many small subsets sharing the prop-
erty of local diversity can be devised given a suf-
ficient large number of heterogeneous classifiers.

From the above discussion, it follows that a scal-
able multiclassifier design could be constructed
from the rearrangement of classifiers which en-
hance their complementary and aggregated be-
havior, according to classifiers features and ag-
gregation operator constraints. In other words,
small, almost disjoint, subsets of diverse classi-
fiers should be used.

The paper is organized as follow. In Section 2,
we present the problem and the proposed archi-
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tecture. Specifically, we divide the multiclassifier
system study in three stages: the training of the
base of classifiers, the estimation of FI parame-
ters and the design of the combinational structure
(sizing and selection), which are described in the
sections 3 and 4. In Section 3, we introduce FI op-
erators and analyze consistency issues. In Section
4, we go into details about the design of combina-
tion architecture, according to classifiers features
and FI parameters. In Section 5, we show the
whole process in a well-known practical problem.
Finally, Section 6 offers some conclusions.

2 Problem Statement

Cooperative behavior among classifiers takes
place when they have a complementary knowl-
edge. In order to make possible the complemen-
tarity among classifiers, we propose the genera-
tion of diversity by means of the heterogeneity of
the individual decision approaches.

As we said earlier, when the number of quite
complementary classifiers is increased, the com-
mon misclassification may diminish. But also the
combinational methods may become complex or
inconsistent. Let us first analyze complexity is-
sues regarding the use of FI operator. FI provides
a useful, but extremely constrained, theoretical
framework for the fuzzy adaptive multiclassifica-
tion. Because of the use of fuzzy measures for
knowledge characterization, FI combination may
include different types of uncertainty with a great
power of description, but the estimation of 2n− 1
parameters for n classifiers also implies a great
complexity.

The inconsistency factor is due to blemishes in
the underlying information fusion scheme and the
method used for the parameters estimation. In
fact, to elude the estimation complexity Sugeno
[12] introduced the decomposable λ-fuzzy mea-
sure, the normalized fuzzy measure with the λ-
additivity. But λ is a root of a polynomial whose
coefficients are the product of estimated density
measures, therefore, its calculation propagates all
estimation errors.

Taking into account the above mentioned, we split
the base of classifiers in chunks, small enough to
avoid knowledge inconsistencies and complexity

but large enough to cover all the problem. Thus,
we are now faced with the following two combi-
natorial problems:

Problem 1: Given n heterogenous classifiers,
over which we make m fuzzy integrals, coalitions
of v classifiers (v¿n), with at most t times that
each classifier can be reused in different coalitions
(t¿m), which is the most promising architecture
under a weighted majority rule?

Problem 2: Furthermore, which are the general
rules underlying the reasonable choice of parame-
ters n, m, v and t?

The process of constructing scalable multiclassi-
fiers is carried out in the following stages:

1. The training of heterogeneous classifiers and
the definition of a common framework to
manage the uncertainty of different inference
methods [11] (probability, possibility...).

2. The estimation of FI parameters. They will
be used for both the information fusion and
combinational architecture design, estimat-
ing the classifiers coverage on the classes
space.

3. The design of combinational structure. It
consists on the structure dimensioning study,
where the sizes of m, t, v are estimated,
and the structure selection, where a suitable
combinational structure among the potential
ones is selected, according to the statistical
dependencies between classifiers, the cover-
age and the performance of its coalitions.

We will return to the stages 3 and 4 later when
we discuss the decision integration with FI and
the process of structure design respectively.

3 Decision Integration with FI

Fuzzy integrals have been shown to be an useful
method for combining results of multiple sources
of information. Its definition with respect to a
fuzzy measure [12] or capacity [2] provides a good
framework to represent the imprecise knowledge
associated with classifiers. In the literature, prac-
tical implementations [1, 5] only combine 2 or 3
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Figure 1: Scalable multiclassifier architecture

classifiers due to the constraint of the parameter
estimation with a large number of classifiers.

We will consider the discrete Choquet and Sugeno
FIs, viewed as functions of information sources
aggregation. See [3, 9] for theoretical details.

Given a multiclassifier system composed of n clas-
sifiers, {X1, ..., Xn}, and W = {w1, ..., wC} the set
of possible alternatives for a sample s ∈ <p, we
call f(Xi(s)) or fi : <p → [0, 1]|W |, the classi-
fication function that supplies the individual de-
cision through a vector of C components. Each
component of this vector represents the degree of
support given by the classifier Xi to the hypoth-
esis that s comes from one class of W. Then, the
multiclassifier decision is obtained by aggregating
all partial classifiers evidences weighed by ability
degrees (g).

Let g be a fuzzy measure on X, whose elements
are denoted X1, ..., Xn. The Sugeno integral [12]
of a function f :X → [0, 1] with respect to g is
defined by

Sg(f) :=
n

max
i=1

{min(f(X(i)), g(A(i)))} (1)

The (discrete) Choquet integral [2] of a function
f : X → [0, 1] with respect to g is defined by

Cg(f) :=
n∑

i=1

(f(X(i))− f(X(i−1)))g(A(i)) (2)

Where ·(i) indicates the indices permutation 0≤
f(X(1)) ≤ . . . ≤ f(X(n)) ≤1, f(X(0)):=0, and
A(i):={X(i), . . . , X(n)}.

A fuzzy measure or capacity g on X is a function
g : 2X → [0, 1] if

1. g(∅) = 0,
2. g(X)= 1,
3. A ⊂ B ⊂ X ⇒ g(A) ≤ g(B).

In our case, g(A(i)) quantify the goodness or abil-
ity of A(i) to classify the input on the W space. In
particular, when g is related to a single element,
Xi with i ∈ {1, ..., n}, is called fuzzy density of the
ith source or gi. The gi estimation can be done
in different ways, e.g., using probabilities of mis-
classification [3, 10], through iterative algorithms
to diminish the quadratic error [3, 4] or using ge-
netic algorithms [13]. In general, they can not be
evaluated from densities.

The λ-fuzzy measure is a decomposable measures
proposed by Sugeno to make possible the estima-
tion of fuzzy measures from fuzzy density. They
fulfil the further property:

gA,B
λ = gλ(A

⋃
B) = gλ(A)+gλ(B)+λgλ(A)gλ(B)

for every disjoint subsets A, B of X and for some
λ ∈ (-1,∞). The value of λ can be uniquely deter-
mined for a finite set X using g(X)=1, which leads
to solving a polynomial of (n-1)th degree. The λ-
measure simplification reduces to n-1 the number
of parameters to be estimated but also limits the
flexibility in fuzzy measures relationship.

Dealing with large groups of classifiers would im-
ply a difficulty in the polynomial root determi-
nation, but we use small coalitions to attend the
precision constraint: λ value propagates the esti-
mation errors of all fuzzy densities. In fact, mea-
sures inconsistencies appears before than com-
plexity when λ-measures are used.

4 Process of the Structure Design

In this section we give a perspective of the overall
process. We have seen that with a great number
of dissimilar classifiers the diversity in misclassi-
fications is possible.

Let us assume n trained classifiers in both sides:
classification and combination. That means, their
knowledge bases generated and their fuzzy densi-
ties estimated. As we said in the Section 2, we
will consider two main objectives: the design of
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the combinational structure and the statement of
general design rules. We start with the sizing of
combination structure parameters and after that
the selection of the most data adaptive structure.

4.1 Estimation of Parameters of S

The combinational structure S consists on m
sparsely connected coalitions of classifiers. To
avoid the evidence conflicts or the misinterpre-
tation of the joint knowledge, we would need a
structure with small coalitions. Besides, we would
require a controlled overlapping among coalitions
to obtain relatively independent coalitions results.
These features can be fulfilled by sparse matri-
ces of m×n order. That is, matrices composed
of elements (si,j ; i=1,. . .,m; j=1,. . .,n) taking 1
or 0 values with density (amount of 1s) less than
0.5, randomly generated, which follow these con-
straints: t 1s per column, times that a classifier
is reused and v 1s per row, quantity of classifiers
per coalition.

S=




11,1 ... ... 01,n

...
0i,1 ... 1i,j ... 1i,n

...
1m,1 ... ... 0m,n




si,j=1 means the classifier j takes part in the
coalition i. See [7] for a theoretical background.

The estimation of parameters are mainly associ-
ated with the characteristics of the classifiers base,
the constraints of the fuzzy measure estimation
and the performance required. The parameters
are the following:

• Columns: They are defined by the amount
of classifiers. The n value could be evaluated
from the expected accuracy, combinational
method constraints, classifiers accuracy and
classifiers diversity, but in this approach we
assume a given n.

• Number v : The information fusion has sense
if there is redundancy, if not it is only classi-
fiers selection. Therefore, the coalitions size,
1s per row, has a lower bound given by the
coalition coverage on W without redundancy
and an upper bound given by the combina-

tion method complexity and the joint knowl-
edge consistency.

• Number t and m: The last two parameters,
t (1s per column) and m (rows or coalitions
quantity), have to be defined jointly since the
amount of 1s in S is: m × v = t × n. The t
value measures the overlapping of classifiers
in different coalitions. It has an upper bound
given by coalitions dependencies and a lower
bound to make feasible the local diversity in
coalitions.

The next stage is the selection of the most suitable
combinational structure according to the features
of the set of classifiers.

4.2 Choosing Data Adaptive Structure

The considered features to select an optimal
structure are the coverage, performance and mu-
tual information. The coverage quantifies, using
g, the system ability over the classes space. It is
measured at both the structure and the coalition
level, quantifying the coverage on W of the com-
ponent coalitions and component classifiers re-
spectively. The performance evaluates the coali-
tions errors using training data. Finally, the mu-
tual information (MI) weighs up the dependence
among outputs, taking into account the marginal
and joint probability distributions of classifiers
outputs.

These properties are complementary: the levels
of coverage and coalitions performance do not say
anything about common fails or similarity among
classifiers, and the mutual information says how
different classifiers are, but nothing about the
classifications goodness.

The structure selection process starts from fuzzy
densities, N samples for training the decision
combination, and a large number of S(n,m,v,t)
structures. It is done through the following steps:

1. Coverage indexes of S: For each S, it is
built a maximum ability matrix, m×C. Rows
are associated with the maximum values of
ability for classifying of each coalition. One
row is filled with the maximum gi, for each
class, among the classifiers of one coalition.
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Coverage indexes are calculated from mean
and standard deviation values of this matrix
per classes.

2. Performance indexes of S: They are
evaluated estimating the performance of
each coalition in S using the data training.

3. Reordering and first selection:
According to coverage and performance in-
dexes, a group of structures with the highest
mean and the lowest standard deviation are
selected.

4. Estimating the MI: Over the subset of se-
lected structures in the step before, it is es-
timated the MI per coalitions using the N
training samples. The MI takes into ac-
count the marginal and joint probability dis-
tributions of classifiers conclusions, quantify-
ing the shared information among them. To
do so, the classifiers outputs are discretized
within a precision interval bin(j). Being c

(i)
k

the kth output (classifier) of the ith sample
(i ∈ [1, N ]), ckj is defined as the number of
c
(i)
k values falling in the interval bin(j):

ckj =| {c(i)
k ∈ bin(j)} |; p(ckj) =

| {c(i)
k ∈ bin(j)} |

N
The discrete joint probability mass among
ckj , ck′j′ is:

p(ckj , ck′j′) =
| {(c(i)

k ∈ bin(j)) ∧ (c(i)
k′ ∈ bin(j′))} |

N

And the discrete joint probability mass function
among the N outputs of v classifiers is:

p(c1j1 , ..., cvjv) =
| {∧1≤u≤v(c

(i)
u ∈ bin(ju))} |
N

where ju ∈ {1, ..., b}. So, the MI among the N
outputs of v classifiers is defined as:

I(c1, ..., cv) =

bX
j1=1

...

bX
jv=1

log
p(c1j1 , ..., cvjv )

p(c1j1)...p(cvjv )
(3)

For further details see [8].

5. Reordering and final selection:
According to the MI evaluation, the S
with the highest mean and lowest standard
deviation of MI is selected.

5 Illustrative Example

We will illustrate an application of scalable mul-
ticlassifiers architecture with wine1 data sets.

A. Data Processing
The wine data set contains 178 samples, 13 con-
tinuous input variables, 3 output classes. The
protocol applied to data set does samplings to
generate 50 random sets of 35% samples to train
classifiers, 35% to estimate FI parameters, and
30% for system testing.

B. S parameters
Columns: n = 10, given classifiers with 20% of
mean errors. Their diversity is achieved imple-
menting different inference methods (neural net-
works2, clustering and fuzzy inference3).
Coalition dimension: v=3 estimated from the
minimum amount of classifiers to cover all classes
within an arbitrary threshold, Dmin={1, 2} clas-
sifiers needed with gth=0.8.
Overlapped: Due to the fact that we implement
only three AI technics, and v=3, we allow an over-
lapping or reused classifiers in different coalitions
of t = {1; 2}; to achieve diversity within coali-
tions, but taking care of the independence among
them. Then, with v=3, t = {1; 2}, and n = 10 we
may select m=7, uneven because the combination
among rows is using majority voting. It should be
noted that the generation of sparse matrices4 al-
lows to change t or m while the other parameters
are kept fixed. The results are summarized in the
table 1. We noted that using all the classifiers in

Table 1: Scalable Multiclassification Performance

S(n=10,v=3,t={2; 3},m=9) Sugeno Choquet
Median Error % 2.3 2.3
Mean Error % 3.2 3

Deviation Error % 1.7 1.7
S(n=10,v=10,m=1) Mean Error ∼13 ∼12

the combination the mean error was more than
12% and with the approach proposed the mean
error using Sugeno FI was 3.2% or 3% with Cho-
quet FI, better than the best classifier and better
than the combination of the complete ensemble.

1http://www.ics.uci.edu/˜mlearn/MLRepository.html
2http://fuzzy.cs.uni-magdeburg.de/˜borgelt/software.html
3http://www.inra.fr/bia/M/fispro/
4http://www.inference.phy.cam.ac.uk/mackay/
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6 Conclusions

We have presented a method to make the scalabil-
ity in trained multiclassifier systems possible. The
decision making through a large base of classifiers
can be done under an appropriate classifiers reor-
ganization, in coalitions, and a proper selection of
the most data-adaptive combinational structure.
A suitable reorganization of classifiers, allowing a
controlled redundancy, together with measures of
the structure coverage, performance and mutual
information may provide a framework for solving
a general scalability problem.

Attempting to answer the problem 2 (Section 2),
for a given n, the v value depends on the car-
dinality of coalitions that can cover the problem
and the combination method constraints. The t
and m values are associated with the overlapping
between coalitions which is bounded by depen-
dencies among coalitions and the local diversity
of coalitions.

Experimental results show that a given group
of diverse classifiers can improve their individual
performance and the global performance with a
cautious splitting and selection.
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