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Abstract

The OWA operators are traditionally used in the
context of decision making as the means to aggre-
gate the satisfaction of single criteria into a overall
preference index. They belong to the class of av-
erages, entailing compensatory properties. Differ-
ently, t-norms and t-conorms entail the reinforce-
ment property, since there is a kind of interac-
tion between the degree of criteria satisfaction. A
deeper analysis of the OWA structure shows as-
sumptions that can be highlighted at the linguis-
tic level. This offers the opportunity of extend-
ing the definition of ordinary OWA operators in
new forms. In this paper we present some of these
extensions and we discuss their properties in the
context of decision making.

Keywords: Decision making, Aggregation opera-
tors, OWA

1 Introduction

In multicriteria decision making, aggregation op-
erators provide the means by which the degree
of each alternative in satisfying each single crite-
rion is used to provide an overall preference in-
dex. Among the several properties that character-
ize aggregation operators there are the reinforce-
ment and compensation properties. Let us de-
note a generic aggregation operator by a mapping
F : (0,1 — [0,1]. The reinforcement property is
characteristic of t-norms and t-conorms: it states
that T'(a1,...,a,) < Z‘Iinlinnai, and S(ay,...,an) >

max a;, for any generic t-norm 7" and t-conorm
i=1

1=1..n
S. On the other side, the compensation prop-
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erty is associated to averages, and it states that
M(aq,...,a,) € [ir—nlinnai’i@?}%ai]' The min and
max are aggregation”operatdfs themselves: they
respectively represent the upper limit of t-norms
Instead, the
lower limit of t-norms is represented by the drastic
t-norm Ty, defined as

and the lower limit of t-conorms.

1 ifx=1y=1

0 otherwise

Ta(x,y) = { (1)

whilst the upper limit to t-conorm is represented
by the drastic t-conorm Sy, defined as

0 ifxz=0,y=0

1 otherwise

Sa(x,y) = { (2)

Other noticeable examples of t-norms (t-conorms)
are the algebraic product (algebraic sum)

To(z,y) = 2y (3)
(Sa(z,y) =2 +y —2y) (4)

and the bounded difference (bounded sum)

Ty(z,y) = max(0,z +y — 1) (5)
(Sb(xay) = min(l,x—l—y)) (6)

T-norms and t-conorms can be compared with re-
spect to the aggregated value they provide.

Definition 1. Given two t-norms 11 and 1o, T}
dominates 15 iff

Tl(l‘ay) 2 TQ(x’y) Vz,y € [0’ 1] (7)

In this case we write T1 > T5.
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It can be easily proven that Ty < T, < T, < min.
The definition of dominance can be applied to t-
conorms as well. In this case, it results max <
Se < Sp < 54. Therefore there is a kind of sym-
metry between t-norms and t-conorms.

We can cluster aggregation operators as depicted
in Fig.1. As measure of dominance, we can adopt

T, T‘b T‘ min
\

averages

Figure 1: Clusters of aggregation operators

the power of a t-norm [8].

Definition 2. IfT is a t-norm, then the power of

T is defined as
11
= 3//Txydxdy (8)
0 0

Proposition 1. For any t-norm Ty < 15, then

m(Th) > m(T>) 9)

It can be proven that n(Ty) = 1, n(T;) = 0.5,
7(1s) = 0.25, and 7(min) = 0. In a similar way we
can adopt the tolerance as measure of dominance
for t-conorms.

Definition 3. If S is a t-conorm, then the toler-

ance of S is
11
—3//Sacydxdy—2 (10)
0 0

Proposition 2. For any t-conorm S1 > So, then

T(Sl) > 7'(52) (11)
In this case 7(Sq) = 1, 7(Sp) = 0.5, 7(S,) = 0.25,
and 7(max) = 0.

Between t-norms and t-conorms there is the class

of averages. In particular, the Ordered Weighted
Averaging (OWA) [6] operator is defined as
n

Z Wil ()

i=1

M[w](ala' "7an) = (12)

where a(y), ...

tion of arguments aq, ...

are parametric with respect to weights w; €
n

;G(n) IS a non-increasing permuta-
,an. The OWA operators
[0,1],

such that > w; = 1. When wy =1 (w;2; = 0) we
i=1

get M, oyai,...,an) = max a;; whilst w, =1
1=1..n
(wizn = 0) entails My, 1y(a,...,an) = mlin a;.
=1..n
When w; = 1/n, then M[(l/n,...,l/n)}(ala ceylp) =

AM/ aq,...,a,), that is the arithmetic mean of ar-
guments. Therefore the OWA operators are com-
pensatory: they build an ideal bridge between the
boundary of t-norms (min) and the boundary of t-
conorms (max), made of a continuum of operators,
depending on the aggregation weights. A measure
of distance from t-norms is provided by the at-
titudinal character, that is a measure of weights

defined as

sz e [0,1] (13)
It results
1 w1 = 1,’[1)1'7&1 =0
AC(w) =105 w;=1/n (14)

0 wp = 1L, wizp =0

Therefore the attitudinal character allows to locate
the OWA operators between the t-norms and t-
conorms, with respect to the weight vector. In rea-
son of that the attitudinal character is also known
as orness. The attitudinal character can be itself
computed by OWA operators.

Proposition 3.

AC(w) = My, (1, 2=2 (15)
2 The multicriteria decision making
setting

In multicriteria decision making problems, we have
a set of alternatives X which must satisfy a collec-
tion of criteria A. Each alternative x; € X satisfies
the criterion A; € A by a degree s;;. Given two
alternatives z; and xj, we will prefer x; to x, if
Sij > SikVi (16)
as x; dominates xy with respect to each criterion
A;. If condition (16) is not verified, the decision
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maker is in face of deciding which alternative to
choose. A method consists in defining a decision
function D : X — [0, 1] by which to rank alterna-
tives, so that x; is preferred to x, if

D(x;) = D(xy) (17)

There are countless ways of building the decision
function D(+). In this paper we follow the approach
proposed in [9, 4, 5] and inspired to the pioneering
work of Bellman and Zadeh [1], that describes a
situation in which the decision maker chooses an
alternative if it satisfies at least h criteria. Let
us consider the alternative x; in isolation, and let
be a; = s;;. If the number of criteria h is precisely
defined and the alternative x; fully satisfies or does
not satisfy at all each criterion (a; € {0,1}), we can
assume

. 1>
)=y oo O
Alternative ways of writing (18) are
Dy(x;) = min{a(), ..., am} (19)
Dp(z5) = max{ag, -, a(n)} (20)

where {a(),...,ap)} are the first h highest ar-
guments, and {a), ()} the n —h + 1 low-
est arguments in {a,...,a,}. In both cases, it is
Dy (xj) = a), that is the overall satisfaction with
h required criteria. Now, assume that the number
of required criteria h is not precisely defined within
the set of possible values {1,...,n}. In particular
let us suppose that h is a fuzzy number whose de-
gree of truth at ¢ € {1,...,n} is k(7). Since there
are n possible values for h, at the linguistic level
we can state that

D(zj) =(Di(x;) given h = 1) or
(Da(x

j) given h =2) or (21)
(Dn(zj) given h =n)

If we adopt the Sugeno-Takagi’s inference calcu-
lus [3], that is based on the interpolation of rule
consequenses, we get

= h(@)Di(z;) /> (i) (22)
=1 =1
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Since D;(x;) = ag;, if we put

> (23)

then we get

D(zj) =

Z wia (24)

There are other ways of computing D(x;); for in-
stance

M[w] at, ..., a

D(zj) = max (min{h(), Di(z;)}) (25)

i=1l..n
3 The satisfaction of criteria

If we require h criteria to be satisfied, it means
there exists at least a subset of cardinality h in
which each criterion is satisfied. Let Hj, C 2MI be
the collection of subsets with cardinality h. We
get

Dy(z;) = Sat(H;y) or ... or Sat(Hy,,) (26)

where H, € Hy,v = 1..my,. In other terms, we re-
quire that among the my, possible combinations of
h over n criteria, there is at least one that satisfies
all criteria, that is

Sat(H,) = b; and by and ...

,bh} Q {al,...,
ah)}EHh.

and b, (27)

where H, = {by,...
ticular, Jj, = {a()

an}. In par-

Computation of (26) and (27) can be respectively
performed by a t-conorm Sp and t-norm T, then

Dh<$j) = SD(Sat(Hl),...,Sat(Hmh)) (28)

and
Sat(Hy,) = Ty (b1,...,bp) (29)

In particular, we can adopt Sp = max and Ty =
min, then we get (19). More in general, the mono-
tonicity property of t-norms assures that

TH(a(l),...,a(h)) ZTH(b17'~'abh) (30)
since a(;) > b;,Vi,j = 1..h. Moreover

max(Sat(Hy),...,Sat(Hp,)) <
SD(Sat(Hl), e ,Sat(Hmh)) VSD
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Therefore,

Dh($j) = TH(a(1)7 RRE a(h)) (32)

is the minimum satisfaction value that D), can as-
sume. This looks as a rational choice in the con-
text of decision making. However other choices are
possible.

We can extend (24) as

Dr(z;) = MTH[w](al, ceyap) =

= Z ’UJiTH((l(l), ceey a(l)) (33)
=1

where Mr, (a1, .. .,an) is a T-OWA operator as

discussed in [8].

If we require at least h criteria to be satisfied, this
means that any subset H,E of h = n—h+1 criteria
should have at least one criterion to be satisfied.
Among them there is Kj, = {a(h),...,a(n)}.

Dj(zj) = Zat(H}) and ... and Zat(H,'TLF)

(34)

where Hj, = {bj,..., b} € Hy,v = 1..mj and

Zat(H,) = by or ... or b (35)

For computing (34) and (35), we can respectively
use a t-norm Tp and a t-conorm Sy, then

Dj,(x;) = Tp(Zat(H}), ..., Zat(H}, ) (36)

and
Zat(H)) = Sg( ’1,,b’ﬁ) (37)

If we adopt Tp = min and Sy = max, then we
get (20). The monotonicity property of t-conorms
entails

Su(agy, - amy) < Su(b, ..., 05 (38)

Furthermore,

min(Zat(H}),. .., Zat(H;nﬁ)) >

, , (39)
Tp(Zat(H)),..., Zat(H}, ) ¥Tp

is the maximum satisfaction value that D;1 can as-
sume. This choice leads us to extend (24) as

DS(x]) - MSH[w]<a17 s

ZwiSH(a(i), ey a(n)) (41)
=1

7an) =

where Mg, (a1, ..., an) is a S-OWA operator [8].
Also in this case, other choices are possible.

Proposition 4. For any t-norm T, t-conorm S,
and weight vector w

Mg () £ My (1) < Mgpy(¢) (42)

Proof. The boundary condition of t-norms and t-
conorms implies

Tu(Ji) = Tu(agqy, - - - a6)) < ag)

and
Su(Ki) = Su(ag, -, am)) = ag)
Then
ZwiTH(Ji) < Zwia(i) < ZwiSH(Ki)
i1 i1 i1

O]

As discussed in [8], Prop.3 suggests a way for com-
puting the attitudinal character of T-OWA opera-
tors as

n—1

AC(w,T) = Zn:wiT(l, ) (43)
=1

In a similar way we can compute the attitudinal
character of S-OWA operators as

AC(w,S) = wiS(2=F,...,0)  (44)

Proposition 5. For any, weight vector w, if Ty <
T2 (Sl 2 52) then

AC(w,Th) < AC(w,T3)

(AC(w, S1) > AC(w, S2)) (45)

Proposition 6. For any t-norm T and t-conorm
S,
AC(w, T) < AC(w) < AC(w, S) (46)
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Prop.5 and 6 suggest that, given a weight vector w,
T-OWA operators are more restrictive than usual
OWA operators, while S-OWA operators are more
tolerant. The degree by which they are more re-
strictive (tolerant) depends on the power of T (tol-
erance of S). Moreover, in accordance with usual
OWA operators, we get

Proposition 7. For, any choice of T and S, the

mazimum aggregated value is reached when w; =
1, so that

AC(w,T) = AC(w,S) = AC(w) =1  (47)
Mr,...1 (a1, an) = max a; (48)
Mgi,..01(a1, ..., an) = S(a1,...,an)  (49)

Vice versa, the minimum aggregated value is ob-
tained when wy, = 1, so that

AC(w,T) = AC(w,S) = AC(w) =0 (50)
Mro,...y(at, .- an) =T(a1,...,an)  (51)
Ms(o....nj(at, -, an) = min a; (52)

At the middle point w; = 1/n, so that

AC(w,T) < AC(w) =1/2 < AC(w, S) (53)
an) < AM(ay,...,a,) (54)
an) > AM(ah cee 7an) (55)

MT[(; %)](al, e
Mgz,
Proposition 8. If a; is boolean (a; € {0,1}), then
M) (-) = My (1) = Mg () (56)

for any choice of T and S.

Proof. If a; is boolean then
TH(Jh)7 SH(Kh) = 07 1

In particular,

Tu(aqay, - am) =1 & apy =1 = Su(Kp) =1
In analogy,
Su(aqy,--am) =0 & agy =0 = Ty(Jy) =0
Thus,

Tr(Jn) = Su(Kn) = ap)
and

ZwlTH sz G) = szSH
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4 The dissatisfaction of criteria:
duality

If a; is a measure of satisfaction of one criterion,
1 —a; is a measure of dissatisfaction. More in gen-
eral, given a complement operator ¢ : [0,1] —
[0,1], c(a;) provides a degree of dissatisfaction.
The problem of choosing the best alternative, can
be regarded as the problem of choosing the alter-
native that less dissatisfies the criteria. This sym-
metry imposes to verify the duality of T-OWA and
S-OWA operators, that is

Ds(zj) = c(Dr(x;)) (57)
Dr(xj) = ¢(Ds(z;)) (58)
where Dg (D7) is an aggregated measure of cri-

teria dissatisfaction for the alternative x;. The
duality of OWA operators is defined as follows [7]

Definition 4. An OWA operator My is dual of
M) if weights are such that,

Wi = Wp—it+1 (59)

In this case, weight vectors w and w are also said
to be dual.

We can easily see [7] that if My, and M, are
dual, then

AC(h) = 1 — AC(w) (60)

Moreover,
Proposition 9. My, is dual of My, iff

M[@](l—al,...,l—an) = 1—M[w](a1,...,an)

(61)
Proof. For any aq,...,an,
sz (n— z+1 _1_sz (n—i+1)
Jj= n:z—i-l 1= an j+1a(] ij
if and only if w; = Wp,—j41. O

Therefore, the OWA operators M, and My, are
dual with respect to De Morgan’s Laws when stan-
dard complement is chosen.
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The definition of duality with respect to De Mor-
gan’s Laws is also applicable to t-norms and t-
conorms [2].

Definition 5. A t-norm T(-,-) is dual to a t-
conorm S(-,-) by the complement c(-), iff

T(c(z),c(y)) = c(S(z,y))
S(e(z), c(y)) = c(T'(z,y))
Proposition 10. For any dual pairs < 11,51 >

and < Ty, Sy >, such that Ty > Ty (S1 > S2), then
S1 < Sy (Th <1T3).

Proposition 11. For any dual pair < T,S > then
w(T) =7(9).

(62)
(63)

The standard complement is c¢(z) = 1 — z. Well
known pairs of dual t-norms and t-conorms by the
standard complement are

(min, max)
(Ta, Sa)
(T, Sb)
(T4, Sa)
Proposition 12. A T-OWA operator Mgy, is
dual to an S-OWA operator Mgy, iff W and w

are dual, and < T,S > are dual by the standard
complement.

(64)

Proof. For any ay,...,any,

ZwiT(l — A(n—it1)) -+ 1- a(n)) =
i=1

=1

T L 2w Slaqy, s ag) =
j=1

=1- ijS(a(l), ,CL(]))
7j=1

O]

Proposition 13. For any T-OWA and S-OWA
operators, such that T and S are dual, then

AC(w,T)=1—- AC(w, S) (65)
Therefore, for any T-OWA (S-OWA) operator
there is a dual S-OWA (T-OWA) operator. This is
in accordance to the symmetry of satisfaction and
dissatisfaction of criteria.

5 ST-OWA

Proposition 4 highlights that there are two ways of
looking at satisfaction of h criteria, and they are
not equivalent, as they denote a different seman-
tics.

Using a t-conorm Sp (28) of t-norms Ty (29), we
prefer alternatives that satisfy as much as possi-
ble the minimum number of criteria h, ignoring
by which degree it satisfies more criteria. In par-
ticular, choosing Sp = max we consider the most
conservative measure, as the maximum operator is
the strictest among t-conorms. Vice versa, using
a t-norm Tp (36) of t-conorms Sy (37), we prefer
alternatives that satisfy as many as possible crite-
ria.

The choice depends on the number of minimum
criteria h, thus on the attitudinal character. The
higher h is, the less additional criteria there are;
vice versa the lower h is, the more additional cri-
teria there are. Moreover, it has been noticed [7]
that the attitudinal character is a measure of the
decision maker risk-adversion or severity. Both ob-
servations lead to consider a convex combination,
as

Mgppp(a, ....,an) =
=> wi((1 = )T (aq), - a) + 0S(ag), - agm)))
=1

(66)

where 0 = AC(w) is the OWA attitudinal charac-
ter provided by (13). When ¢ = 0, then

Mgy (a1, ..., an) = T(agy, - a(n))

that is the minimum aggregated value, whilst when
oc=1,

MST[w](alv ey an) = S(a(l)a e a(n))

that is the maximum aggregated value. Therefore,
an ST-OWA operator varies in a wider range of
values, as depicted by Fig.2. In analogy to T-OWA
and S-OWA operators, the attitudinal character
can be computed as

AC(’LU, S, T) - MST[w](L %7 s 70) (67)
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Figure 2: ST-OWA range of variation
Proposition 14. For any choice of T and S, we
get

AC(w,S,T) = (1—-0)AC(w,T) + c AC(w, S)
(68)

We can choose a dual pair < T, S >. In this case
the attitudinal character is

AC(w, S, T) = AC(w,T)+ 0 —20AC(w,T) =
=1—(AC(w,S)+ 0 —20AC(w,S)) (69)

In particular,

0 ,o0=20
AC(w,S,T)=<1/2 ,0=1/2 (70)
1 ,o=1

If we also consider that in a dual pair < T,S5 >
m(T) = 7(5), we have that the variation range
of ST-OWA operators is symmetric as in the case
of ordinary OWA operators, as depicted in Fig.2.
Moreover, similarly to ordinary OWA operators,
we can easily prove the following proposition.

Proposition 15. Given a pair of weight vectors w
and w, if W is dual of w, then Mgypy and Mgy,
are dual.

If the dual pair is < min, max > we get the ST-
OWA with the minimal variation range: it corre-
sponds to the case of ordinary OWA operators. If
the dual pair is < Ty, Sq >, we get the ST-OWA
with maximum variation. In this case, it is easy to
verify that

MSd,Td[wi](ala R (Ln) = Z Wi (71)
=1
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where m is the number of criteria that are fully
satisfied (a; = 1) by an alternative. For this reason
we will term Mg, 1,14, as drastic OWA operator.

6 Conclusions

The deeper analysis of the structure of OWA op-
erators suggests that it is possible to extend the
definition of ordinary OWA operators, mixing the
OWA operators with t-norms and t-conorms. The
extension can be justified at the linguistic level,
and it provides a means to introduce the reinforce-
ment property provided by t-norms and t-conorms
in the context of the OWA operators that are
compensatory. In this paper, we presented three
particular extensions: T-OWA, S-OWA and ST-
OWA, discussing assumptions and properties. In
particular, ST-OWA operators present a natural
symmetry in analogy to ordinary OWA operators.

References

[1] R. Bellman and L. Zadeh.
in a fuzzy environment.
17(4):141-164, 1970.

[2] G. J. Klir and B. Yuan. Fuzzy sets and fuzzy logic:
theory and applications. Prentice-Hall, Inc., Upper
Saddle River, NJ, USA, 1995.

[3] M. Sugeno and T. Takagi. A new approach to design
of fuzzy controllers, pages 325—-334. Plenum Press,
New York, wang, p. p. edition, 1983.

[4] R. R. Yager. Quantifiers in the formulation of
multiple objective decision functions. Inform Sci,
31:107-139, 1983.

[5] R. R. Yager. General multiple objective decision
making and lingusitically quantified statements.
Int. J. Man. Mach. Stud., 21:389-400, 1984.

[6] R. R. Yager. On ordered weighted averaging aggre-
gation operators in multi-criteria decision making.
IEEE Trans. on Systems, Man, and Cybernetics,
18(1):183-190, 1988.

[7] R. R. Yager. Families of OWA operators. Fuzzy
Sets and Systems, 59:125-148, 1993.

[8] R.R. Yager. Extending Multicriteria Decision Mak-
ing by Mixing t-norms and OWA Operators. Int.
J. of Intelligent Systems, 20:453-474, 2005.

[9] L. Zadeh. Fuzzy logic = computing with words.
IEEE Trans. Fuzzy Syst., 4:103-111, 1996.

Decision making
Management Science,



	Main Menu
	Table of Contents
	Author Index

