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Abstract

We show that almost all results proved in
many papers about fuzzy algebras can be proved
uniformly and immediately by using so-called
”Transfer Principle”.
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1 Introduction

There are many papers about fuzzification of alge-
bras so far ([1, 2, 7, 8, 9, 10, 11]). But almost all
such results are extensions of those of the crisp
theory which can be divided into the following
four types:

type 0 : A subset A has a property P;

type 1 : If a subset A has a property
P, then it has a property Q;

type 2: Let f : X — Y be a homomor-
phism. If a subset B of Y has a prop-
erty @, then a subset f~!(B) of X has
a property P;

type 3 : Let f: X — Y be a surjective
homomorphism. If a subset A of X has
a property P, then a subset f(A) of Y
has a property Q.

These results are obtained uniformly and immedi-
ately by using the transfer principle ([3, 6]). The
area to which the principle can be applied is re-
stricted to the property which are denoted by a
certain formula described below, but almost all
results obtained so far can be represented by such
formulas. Thus, our principle is a powerful tool
to investigate the fuzzy theory of algebras.
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2 Algebras and Terms

To present our theorem accurately, we define
terms on the algebras. A structure (X;w;)i< is
called an algebra if X is a non-empty set and w;
is an n;-ary operation on X. A non-negative in-
terger n; called an arity corresponds to each op-
eration w;. A sequence (ni,ng,--- ,ng) of arities
(n1 >ng > -+ > ny) is called a type of the alge-
bra X. For two algebras (X;w;)i<k and (Y;&;) <,
they said to be similar if their types are identical.

Let 2 be a class of similar algebras and V =
{z,y,---,} be a countable set of variables. A
term on an algebra (X;w;)i<i € A is defined as
follows:

(t1) Each variable z € V' is a term;

(t2) If uq,- - ,u; are terms and w; is an
n;i-ary oeration, then so w;(uy, - - , u;) is.

A term t(z,--- ,y) is interpreted on X as follows:

(Int1l) Each variable z is interpreted as
an element of X, e.g., a € X.

(Int2) If terms wj,---,u; are inter-
preted as ap,---,a; € X respectively,
then a term w;(ug,---,u;) is done by
wi(al,--- ,ai) € X.

For the sake of simplicity, we identify a term with
the term which is interpreted on some algebra X.

Let X € 2. For every subset A C X, we define a
first-order formula

Pa: Vo -Vy(ti(z, -+ ,y) € AN A
tn(ajv ,y)EAHt(l’, 7y)€A)v



where t;(z, - ,y) (1 <i<n)and t(x,--- ,y) are
terms which are constructed by variables z, - - - , y.
We say that a subset A satisfies the formula
Pa if all tj(a,---,b) € A (1 < i < n) imply
t(a,---,b) € A for every element a,---,b € X.
The formula P4 represents a property of A. In
the rest of paper, we use two statements ”prop-
erty P4” and ”formula P4” with the same mean-
ing.

Let (X;0,71 e) be a group. For every non-empty
subset A C X, the formula

Pa: VaVy(zr e ANye A—zoy ' € A)

means that A is a subgroup of X. We note that
non-emptyness is equivalent to a formula

Ve(re A—0¢€A).

Thus we can redefine the concept of subgroup by

Ve(r € A—0€ A) and
VaVy(r € ANy € A —zoy teA).

For every subset A C X, it is called a P-set if it
satisfies the formula Py4.

Next we define a fuzzy theory 2 of A. For ev-
ery algebra X € 2, a map p : X — [0,1] is
called a fuzzy subset of X. The class of all fuzzy
subsets of X € 2 is said to be a fuzzy theory
of A and denoted by . For every fuzzy sub-
set u of X € 2, we define a formula P, by
Vo (s (@, ) Ao A b, ) <
p(t(@, -, y)).

Similarly to the case of crisp theory, the formula

P, represents a property of the fuzzy subset p.
We say that p satisfies P, whenever

:u(tl(aa e 7b))/\' : '/\:u(tn(aa o 7b)) < M(t(aa e 7b))

for all elements a,--- ,b € X.

In the theory of groups, for example, this means
that, for every fuzzy subset u of X, a fuzzy sub-
group p of X is defined by

p(x) < p(0) and p(z) A ply) < plzoy™).

For every fuzzy subset u of X, we call u a fuzzy
P-set if it satisfies the formula P,. For 0 < o <
1, we put

Ups ) = {a € X|pu(a) = a}.

3 Transfer Principle

In this section we prove the general and funda-
mental theorems by use of the transfer principle
defined below. At first we consider the basic form
of a transfer principle. Since this type is basic to
develop our theory, we call it type 0. In the rest
of paper, let 2l be an arbitrary algebra.

Theorem 1 (Transfer Principle (type 0)).
Let (X;w;) € A. For every fuzzy subset u of X, u
is a fuzzy P-set if and only if U(u; ) is a P-set
provided that U(u;a) # O for all a € [0,1].

Proof. (=) Suppose that U(u;«) is not a P-
set for some a € [0,1]. There are elements
a,---,b € X such that t;(a,--- ,b) € U(u;«) but
t(a,---,b) ¢ U(p; ). Since, u(ti(a,---,b)) > «
but u(t(a,---,b)) # a, we have p(t(a,---,b)) 2
N; 1(ti(a, -+ ,b)). This means that p is not the
fuzzy P-set.

(<) Conversely, assume that g is not a
fuzzy P-set. There exist a,---,b € X such
that M(t(aa"'vb)) ;—; /\z’:u(ti(a:"' 7b)) If
we take a = A, pu(ti(a,---,b)), then we have
a € [0,1]0U(p) # ¢ and ti(a,---,b) €
U(p;a), t(a,---,b) ¢ U(p;a). This indicates
that U(u; ) is not the P-set. O

Remark : The transfer principle means that it is
sufficient to ckeck whether a set U(u; ) # () sat-
isfies the property P for all a € [0, 1] if we want to
know whether a fuzzy subset p satisfies a property
fuzzy P. Hence we can show the property fuzzy
P of a fuzzy subset p in the crisp theory of alge-
bras. Moreover we note that the interpretation of
the symbol A in the formula P have to be obeyed
to the usual crisp (or classical) sense, that is, it
is interpreted by min, because, the word ”and” in
the property described by P is not in the object
logic, i.e., fuzzy logic, but in the meta-logic, i.e.,
classical logic. Thus it is interpreted in the classi-
cal sense. We do not confuse the meta-logic with
the object logic.

4 Application to type 1
We apply the transfer principle to statements of

type 1 and prove a general theorem of that type.
The statement of type 1 has a form:
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For every subset A of X, if A has a prop-
erty P (or A is a P-set), then it has a
property Q (or it is a Q set).

We denote the statement simply by
AE(X:A4):P=(X:4):0.

If the statement A = (X : A) : P = (X : A): Q
holds for every X € 2 and A C X, we denote it
by

AEP = Q.

Hence the two formal statements

For every X e and A C X, A = (X :
A):P= (X:A):Q holds.
and 2 =P = Q have the same meaning.

The statement can be extended to the following
in the fuzzy theory of algebras:

For every fuzzy subset p of X, if u has
a property P, (or p is a fuzzy P-set) ,
then it has a property Q,, (or it is a fuzzy
Q-set).

We also denote the statement simply by

A= (X :p): fuzzyP = (X : p) : fuzzy Q.

If the statement A = (X : p) : fuzzyP = (X :
w) : fuzzy@Q holds for every X € 2 and fuzzy
subset u of X, then we denote it by

A | fuzzyP = fuzzy Q.

Thus as in the case of above there is no difference
between the statement

For every X € 2 and y, we have 2 =
(X :p) : fuzzyP = (X : p) : fuzzy Q

and the statement 2 |= fuzzyP = fuzzy Q.

We have an example of the statements of type 1.
In the theory of groups, if A is a normal subgroup
then it is a subgroup.

A general theorem concerning to the statements
of type 1 is represented as follows:
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Theorem 2. If A = P = Q then A [
tuzzyP = fuzzy Q

Proof. Suppose 2 = P = Q. Let (X;w;) be
an arbitrary algebra in 2 and p a fuzzy subset of
X. If p has a property P, (i.e., p is a fuzzy P-
set), then it follows from transfer principle that
U(p;a) € X is a P-set for all a € [0,1] such
that U(p; ) # 0. Hence U(p; @) is a Q-set from
assumption. This yields that if U(u;«) # 0 then
U(p; a) is the Q-set for all a € [0,1]. Tt follows
from transfer principle that wp is the fuzzy Q-set.
That is,

A = fuzzyP = fuzzy Q

O

Example O Let 2 be the class of groups and
(X;0,71e) € A. For every A C X, we define
Pa, Qa by

Pa:VaVy(r € A —yoxoy € A);
Qu :VaVy(x € ANy € A — zoy~! € A).

These formulas indicate that

A is a normal subgroup of X;

A is a subgroup of X.

The fact that every normal subgroup is a sub-
group can be represented by

AP = Q.

Hence it follows from the above that
A = fuzzyP = fuzzy Q.

The statement represents that

For every fuzzy subset p of X, if p is a
fuzzy normal subgroup then it is a fuzzy
subgroup. That is, every normal fuzzy
group is a fuzzy group.



5 Application to type 2

In this section we apply the transfer principle to
the statement of type 2 which has a follwing
form:

Let X,Y € 2 and f be a homomorphism
from X to Y. For every subset B of Y,
if B is a Q-set then f~!(B) is a P-set.

We denote it formally by
A= (Y:B): Q= (X: fYB)):P,

If the statement holds for any X,Y € 2, homo-
morphism f: X — Y and subset B C Y, then we
describe it by

A=B: Q= f(B):P.

We extend the statement to the case of the fuzzy
theory of algebras:

Let X,Y € 2 and f be a homomorphism
from X to Y. For every fuzzy subset v
of Y, if v is a fuzzy Q-set then f~1(v) is
a fuzzy P-set.

We denote formally the statement by
A= (Y :v):fuzzy Q = (X : f~1(v)) : fuzzy P,

and if it holds for every algebra X,Y € 2, ev-
ery homomorphism f : X — Y, and every fuzzy
subset v of Y, then we do by

A= v: fuzzy Q = f1(v) : fuzzy P.

The statements of type 2 have a new concept. It
is an inverse image of a fuzzy subset by a homo-
morphism. To extend the concept to fuzzy the-
ory, we have to define an inverse image of a fuzzy
subset by a homomorphism. This is defined as
follows: Let X,Y be algebras and f be a homo-
morphism from X to Y. For every fuzzy subset v
of Y, we define an inverse image f~!(v) of v by

W) (@) = v(f(2) (€ X).
It follows from transfer principle that

Theorem 3. Let X,Y € A be algebras and f :
X — Y be a homomorphism. Then,

if AEB: Q= f"1(B):P then
AE=v:fuzzy Q = f~H(v) : fuzzy P.

6 Application to type 3

A statement of type 3 has a form:

Let X,Y be algebras, f: X — Y bea
homomorphism, and A be a subset of X.
If Ais a P-set, then f(A) is a Q-set.

We formally denote the above by
AE(X:A4):P=(Y:f(4):0Q.

If the representation holds for all algebras X,Y €
2, and homomorphism f: X — Y, and A C X,
we denote simply

A=A P= f(A): Q.

The statement of type 3 can be generalized to the
fuzzy theory. It has the following representation:

Let X,Y be algebras, f: X — Y be a
homomorphism, and p be a fuzzy subset
of X. If u is a fuzzy P-set, then f[u] is
a fuzzy Q-set.

The statement is represented by
A (X :p):fuzzy P = (Y : f[u]) : fuzzy P

and if the representation holds for all algebras
X, Y €2, homomorphism f: X — Y, and fuzzy
subset of X, then we denote it by

A=y fuzzy P = flu] : fuzzy P.

There is also a new concept called an image f[u] of
a fuzzy subset p by a (surjective) homomorphism
f. We have to define f[u] for a homomorphism f
and a fuzzy subset p. Let XY e A and f: X —
Y be a map from X to Y. For every fuzzy subset
w of X, we define an image f[u] of i as

fllly) =\ wl@), yey.

uef~1(y)

If f=(y) =0, then we put f[u](y) = 0. We note
that the image f[u] is also a fuzzy subset of Y. For
images of fuzzy subsets we have the fundamental
result which plays an important role in the theory
of type 3.
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Lemma 1. Let f : X — Y be a surjective homo-
morphism. For every o € [0, 1], we have

U(flulsa) = () F(U (s =€)

e>0

In order to develop our theory to wider classes of
algebras, we need to consider a property whcih is
carried over from sets to the intersection of those
sets. A property P is called to have an inter-
section property if the intersection (), A\ has
a property P for every set Ay with the property
P. This means that if each set Ay has a prop-
erty P then the intersection A = (1, Ay has the
property P, that is,

Vo Vy(ti(z,---,y) € Ax Ao A

tn($7"'ay) € A)\ - t(x,---,y) €
Ay) for every A € A  imply
Ve -Vy(ti(z,---,y) € AN - A
tn(]},'“,y)EA—>t(.’E,"',y)€A)-

Using the intersection property we can show the
general theorem about the statements of type 3.

Theorem 4. Let X, Y € 2 and f be a surjective
homomorphism from X toY. IfAE A: P =
f(A) : Q and Q has an intersection property, then

A = fuzzy P = flu : fuzzy QO

7 Other Properties

Let X be a group. A subset A of X is not always
a subgroup of X. In this case we often consider
the subgroup (A) generated by A, that is, the
least subgroup containing A. In this case there is
a question whether we can extend such concept
to the fuzzy theory of groups. Or more generally,
how do we extend the concept to the fuzzy theory
of algebras? In this section we think about the
question and give a certain solution by use of the
transfer principle.

Let X € 2 be an arbitrary algebra and A be a
subset of X. For a formula P with an intersection
property, a P-set (A) generated by A is defined
as the least P-set which contains A. It can also
be represented by

(A) =M\ {Bx | A C By, By: P-set}
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Hence we can extend the P-set (A) generated by
A to the fuzzy subset p of X as follows:

() = Nodva | 1 <o, vy 2 fuzzy P-set},

where (u) is a fuzzy subset of X defined by

(uy(x) = infy{va(z) | p < vy, vy : fuzzy P-set }
(x € X).

It has another representation: For a € [0, 1],

U({)s0) = U a) | 1 < v, v+ fuzzy
P-set }

Using the representation we can get all facts ob-
tained so far by transfer principle and of course
we can get new results.

At last we consider a direct product of fuzzy sub-
sets of X. Let u; be a fuzzy subset of X; (i € I).
A map

p: Mier X — [0,1)F

of Il;c1 X; satisfying the condition

p(a)(g) = ni(aj)), (a € MierXs, j el

is called a direct product of p; and denoted by
po= Iier -

As the direct product IT;cru; of fuzzy subsets u;,
we have the following.

Lemma 2. For all a € [0,1]7,
I U (pj; (i) = U(Mipis )

A property P is said to have a direct product prop-
erty if for every subset X; with a property P
the direct product II; X; also has the property P.
Thus, we can get a general theorem about direct
product of fuzzy subsets by transfer principle.

Theorem 5. If P has a direct product property
andQl):AA:? = I A, : P, then A = uy :
fuzzy P = A |= Iy : fuzzy P.

It follows from the theorem that if a class of crisp
algebras is closed under the direct product then a
class of extended fuzzy subsets of those algebras
is also closed under the direct product.



8 Conclusion

We prove the fundamental and general results
that any property about crisp subsets expressed
by special formulas can be extended to that of the
fuzzy subsets. Thus the direction of the research
of fuzzy theory of algebras aims to consider other
properties which are not expressed by our formu-
las. It is also important to investigate the proper-
ties H,S,P of a class of fuzzy algebras. Of course,
these mean that a class of algebras is closed un-
der the operation of homomorphic images, subal-
gebras, direct product, respectively. In this paper
we consider the properties S and P. The rest of
ones H is very important to consider the quo-
tient algebras. Because to consider the quotient
algebras are correspond to do congruences. As to
fuzzy congruences, their fundamental results are
obtained in [4, 5], which are restricted to the case
of BCI-algebras and groups but they can be de-
velopped to the general case of algebras.
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