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Abstract

In the framework of multicriteria decision making
based on Choquet integrals, we present a maxi-
mum entropy like method enabling to determine,
if it exists, the least specific capacity compatible
with the initial preferences of the decision maker.

Keywords: Multicriteria decision making; inter-
acting criteria; Choquet integral.

1 Introduction

Consider a multicriteria decision making prob-
lem characterized by a set of alternatives A :=
{a, b, c, . . . } described by a set of criteria N :=
{1, . . . , n}. Each alternative a ∈ A is identi-
fied with its profile (a1, . . . , an) ∈ R

n where, for
any i ∈ N , ai ∈ Ei ⊆ R represents the utility
of a related to criterion i. For each alternative
a ∈ A, we shall further assume that the values
a1, . . . , an are given on the same interval scale,
which implies that all the utilities are commensu-
rate (Ei = E,∀ i ∈ {1, . . . , n}).

In classical multiattribute utility theory
(MAUT) [10, 18], the aim is to model the
preferences of the decision maker represented
by a binary relation �A, by means of a utility
function U : En → R such that, for any a, b ∈ A,

a �A b ⇐⇒ U(a1, . . . , an) > U(b1, . . . , bn).

The form of the utility function U depends on
the hypotheses on which the multicriteria deci-
sion making problem is grounded. When it can be
assumed that the criteria are mutually preferen-
tially independent, it is frequent to consider that

the utility function is additive and takes the form
of a weighted arithmetic mean. The assumption
of independence among criteria is however rarely
verified. In order to be able to take interaction
phenomena among criteria into account, it has
been recently proposed to substitute a monotone
set function µ on N := {1, . . . , n} to the weight
vector ω, thereby allowing to model not only the
importance of each criterion but also the impor-
tance of each subset of criteria [15]. Such a set
function µ, called (discrete) Choquet capacity [1]
or fuzzy measure [22], satisfies µ(∅) = 0, µ(N) = 1
and µ(S) ≤ µ(T ) whenever S ⊆ T ⊆ N .

A suitable aggregation operator that generalizes
the weighted arithmetic mean when the criteria
interact is then the discrete Choquet integral with
respect to (w.r.t) the capacity µ [15].

The use of a Choquet integral as utility func-
tion clearly requires the prior identification of the
underlying capacity µ. The learning data from
which µ is to be determined consists of the ini-
tial preferences of the decision maker : usually,
a partial preorder over the set of alternatives, a
partial preorder over the set of criteria, intuitions
about the importance of the criteria, about their
interaction, etc. In such a context, Marichal and
Roubens proposed a simple identification method
based on linear programming [18] which is the
starting point of our work. Note that the ca-
pacity identification problem was also addressed
in [6, 7, 11, 23] in a more general framework.

In this paper, we propose an identification method
based on a maximum entropy like principle [9, 13,
15, 16]. The learning data are the same as those
used in Marichal’s and Roubens’ method [18].
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The main difference comes from the fact that
among all the admissible capacities (compatible
with the initial preferences, if any), we choose the
least specific one, i.e. the one such that the cor-
responding Choquet integral is the closest to the
simple arithmetic mean in the sense of a natu-
ral distance. From a practical perspective, the
approach consists in solving a quadratic program
whose objective function is equivalently either the
opposite of the extended Havrda and Charvat en-
tropy of order 2 or the variance of the capacity.
The proposed methodology has been implemented
within the kappalab package [5] for the GNU R
statistical system [19] (cf. § 5.2).

In order to avoid a heavy notation, we will of-
ten omit braces for singletons, e.g., by writing
µ(i), N \ i instead of µ({i}), N \ {i}. Further-
more, cardinalities of subsets S, T, . . . , will often
be denoted by the corresponding lower case letters
s, t, . . .

2 Aggregation by the discrete

Choquet integral

As mentioned in the introduction, interaction
phenomena among criteria can be modeled by a
(discrete) Choquet capacity [1] also called fuzzy
measure [22].

Let P(N) denote the power set of N .

Definition 2.1 A discrete Choquet capacity on
N is a set function µ : P(N) → [0, 1] satisfying
the following conditions :

(i) µ(∅) = 0, µ(N) = 1,

(ii) for any S, T ⊆ N , S ⊆ T ⇒ µ(S) ≤ µ(T ).

Furthermore, a capacity µ on N is said to be

• additive if µ(S ∪ T ) = µ(S) + µ(T ) for all
disjoint subsets S, T ⊆ N ,

• cardinality-based if, for any T ⊆ N , µ(T ) de-
pends only on the cardinality of T . Formally,
there exist µ0, µ1, . . . , µn ∈ [0, 1] such that
µ(T ) = µt for all T ⊆ N such that |T | = t.

Note that there is only one capacity on N that
is both additive and cardinality-based. We shall

call it the uniform capacity and denote it by µ∗.
It is easy to verify that µ∗ is given by

µ∗(T ) = t/n, ∀T ⊆ N.

In the framework of aggregation, for each subset
of criteria S ⊆ N , the number µ(S) can be inter-
preted as the weight or the importance of S. The
monotonicity of µ means that the weight of a sub-
set of criteria can only increase when new criteria
are added to it.

When using a capacity to model the importance
of the subsets of criteria, a suitable aggregation
operator that generalizes the weighted arithmetic
mean is the discrete Choquet integral [15].

Definition 2.2 The Choquet integral of a func-
tion a : N → R represented by the profile
(a1, . . . , an) w.r.t a capacity µ on N is defined by

Cµ(a) :=
n

∑

i=1

a(i)[µ(A(i)) − µ(A(i+1))],

where the notation (.) indicates a permutation
such that a(1) ≤ · · · ≤ a(n), A(i) := {(i), . . . , (n)},
for all i ∈ {1, . . . , n}, and A(n+1) := ∅.

The behavior of the Choquet integral as an ag-
gregation operator is generally difficult to under-
stand. For a better comprehension of the inter-
action phenomena modeled by the underlying ca-
pacity, numerous numerical indices can be com-
puted. The best-known ones are the Shapley im-
portance indices [21], the interaction indices [4]
and the orness and andness degrees [16].

3 Entropy and variance of a discrete

Choquet capacity

3.1 Probabilistic entropies

The fundamental concept of entropy of a proba-
bility distribution was initially proposed by Shan-
non [20]. The Shannon entropy of a probability
distribution p defined on a nonempty finite set
N := {1, . . . , n} is defined by

HS(p) := −
∑

i∈N

p(i) ln p(i)

with the convention that 0 ln 0 := 0. The quan-
tity HS(p) is always non negative and zero if and
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only if p is a Dirac mass (decisivity property). As
a function of p, HS is strictly concave. Further-
more, it reaches its maximum value (ln n) if and
only if p is uniform (maximality property). Note
that in a general non probabilistic setting, HS(p)
is merely a measure of the uniformity (evenness)
of p.

A well-known generalization of the Shannon en-
tropy is the Havrda and Charvat entropy of order
β [8] defined, for any strictly positive real β, for
any probability distribution p on N , by

Hβ
HC(p) :=



















1

1 − β

[

∑

i∈N

p(i)β − 1

]

, β 6= 1,

HS(p), β = 1.
(1)

As the Shannon entropy, the Havrda and Charvat
entropy of order β is a strictly concave function of
the probability distribution and satisfies the deci-
sivity and maximality properties (with the excep-
tion that its maximal value is lnn only if β = 1).

3.2 Definitions of generalized entropy

measures and their properties

Let µ be a discrete Choquet capacity on N . The
following entropy was proposed by Marichal [14,
17] as an extension of the Shannon entropy to
discrete Choquet capacities :

HM (µ) := −
∑

i∈N

∑

S⊆N\i

γs(n) [µ(S ∪ i)

− µ(S)] ln[µ(S ∪ i) − µ(S)].

Regarded as a uniformity measure, HM has
been recently axiomatized by means of three ax-
ioms [13].

A fundamental property of HM is that it can be
rewritten in terms of the maximal chains of the
Hasse diagram of N , i.e.

HM (µ) =
1

n!

∑

π∈ΠN

HS(pµ
π), (2)

where ΠN denotes the set of permutations
on N and pµ

π(i) := µ({π(i), . . . , π(n)}) −
µ({π(i + 1), . . . , π(n)}) for all π ∈ ΠN and all
i ∈ N . More details can be found in [13].

The quantity HM (µ) can therefore simply be seen
as an average of the uniformity values of the prob-
ability distributions pµ

π. To stress the fact that
HM is an average of Shannon entropies, we shall
equivalently denote it by HS.

It has also been shown that HM = HS satis-
fies many properties that one would intuitively
require from an entropy measure [17]. The most
important ones are the decisivity, maximality, in-
creasing monotonicity toward µ∗ and strict con-
cavity properties [13].

One can similarly extend the Havrda and Charvat
entropy defined by Eq. (1) to discrete Choquet
capacities. Proceeding as in Eq. (2) and using
Proposition 1 in [13], for any capacity µ on N ,
any β > 0, β 6= 1, we obtain

H
β
HC(µ) :=

1

1 − β





∑

i∈N

∑

S⊆N\i

γs(n)[µ(S ∪ i)

−µ(S)]β − 1
]

. (3)

From the characterization and the properties of
the probabilistic Havrda and Charvat entropy

presented in [8], it is easy to verify that H
β
HC sat-

isfies the decisivity, maximality, increasing mono-
tonicity toward µ∗ and strict concavity properties
presented in [13]. See [12] for more details.

3.3 Variance of a discrete Choquet

capacity

Another straightforward way to measure the uni-
formity of a probability distribution p on N is to
compute its (sample) variance :

V (p) :=
1

n

∑

i∈N

[

p(i) −
1

n

]2

=
1

n

∑

i∈N

p(i)2 −
1

n2
.

It is easy to verify that V (p) = 0 if and only
if p is uniform on N and that V (p) reaches its
maximum value (n − 1)/n2 if and only if p is a
Dirac mass. The quantity V (p) is in fact nothing
else than the square of a Euclidean distance on R

n

between p seen as a vector of R
n and the vector

(1/n, . . . , 1/n) ∈ R
n.

Proceeding as in Eq. (2) and using Proposition 1
in [13], the variance of a capacity µ on N can be
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immediately defined as

V (µ) :=
1

n

∑

i∈N

∑

S⊆N\i

γs(n)

(

µ(S ∪ i) − µ(S) −
1

n

)2

,

(4)

=
1

n

∑

i∈N

∑

S⊆N\i

γs(n) (µ(S ∪ i) − µ(S))
2 −

1

n2
.

The above quantity can be clearly interpreted as
the square of a Euclidian distance between µ and
the uniform capacity µ∗. See [12] for more details.

It is easy to verify that, for any capacity µ on
N , the Havrda and Charvat entropy of order 2
and the variance are linked by the following linear
equation :

H
2
HC(µ) =

n − 1

n
− nV (µ). (5)

4 A maximum entropy principle for

capacities

The strict concavity of HM and H
β
HC suggests

to extend the maximum entropy principle [9] to
discrete Choquet capacities as discussed in [13,
15, 16]. Let us give an interpretation of it in
the framework of aggregation by a Choquet in-
tegral w.r.t. to a capacity µ on N in the pres-
ence of linear constraints. In such a context, as
mentioned in [13], HM (µ) can be interpreted as
a measure of the average value over all a ∈ R

n

of the degree to which the arguments a1, . . . , an

of a profile contribute to the calculation of the
aggregated value Cµ(a). This interpretation still

holds for H
β
HC(µ). In such a framework, the max-

imum entropy principle could therefore be stated
as follows : Assume that we are given a set of
linear constraints on the behavior of a Choquet
integral Cµ, that is, constraints that are linear
w.r.t the corresponding capacity µ. Then, among
all the feasible (admissible) Choquet integrals, if
any, choosing the Choquet integral w.r.t the max-
imum entropy capacity amounts to choosing the
Choquet integral that will have the highest aver-
age degree of contribution of its arguments in the
aggregation phase. In other words, we could say
the Choquet integral w.r.t the maximum entropy
capacity is the one that will exploit the most on
average its arguments.

The constraints that we shall consider are based
on the indices briefly mentioned in Subsection 2,
which are all linear w.r.t to the underlying capac-
ity. See [12] for more details.

The application of the maximum entropy prin-
ciple in the considered framework thus requires
the maximization of a strictly concave function
subject to linear constraints. The best studied
such situation is probably that when the objective
function is a quadratic form. It follows that the
most interesting objective function from a practi-

cal perspective is H
2
HC . This choice becomes even

more natural from the point of view of the im-
plementation of the approach since routines from
solving quadratic programs are easily available.

From Eq. (5), we see that maximizing H
2
HC is

clearly equivalent to minimizing V (µ). This lat-
ter equivalence leads to another interpretation of

the maximum H
2
HC entropy principle : among

all the feasible Choquet integrals, choosing the
Choquet integral w.r.t the minimum variance ca-
pacity amounts to choosing the Choquet integral
that will be the closest to the simple arithmetic
mean in the sense of Eq. (4) subject to the set of
considered linear constraints.

5 Application to Choquet integral

based MAUT

5.1 Formulation of the optimization

problem

Consider a multicriteria decision making prob-
lem as described in the introduction and assume
that a decision maker has some initial preferences
about it. As discussed in [12, 18], these initial
preferences can take the form of a partial preorder
�A on A (ranking of the alternatives), a partial
preorder �N on N (ranking of the importance
of the criteria), quantitative intuitions about the
relative importance of some criteria, a partial pre-
order �P on the set of pairs of criteria (ranking
of interactions), intuitions about the type and the
magnitude of the interaction between some crite-
ria, etc.

In the context of aggregation by the discrete Cho-
quet integral, it seems natural to translate the
above partial preorders into partial semiorders
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with fixed preference thresholds (for simplicity
reasons). For instance, a �A b can be translated
as Cµ(a) − Cµ(b) ≥ δC and a ∼A b can be trans-
lated as −δC ≤ Cµ(a) − Cµ(b) ≤ δC where δC is
a fixed preference threshold to be defined by the
decision maker. For more details, see [12].

The maximum H
2
HC entropy principle can then

be used to identify a capacity that is compatible
with the initial preferences of the decision maker.
The resulting Choquet integral can therefore be
regarded as modeling the reasoning of the decision
maker. The suggested approach can be stated as
the following optimization problem :

minV (ν)

subject to































ν(S ∪ i) − ν(S) ≥ 0,∀i ∈ N,
∀S ⊆ N \ i,

ν(N) = 1,
Cν(a) − Cν(b) ≥ δC ,
...

where ν is a game on N , i.e. a set function ν :
P(N) → R such that ν(∅) = 0.

Of course, the above problem may be infeasible if
the constraints are inconsistent. Such a situation
may arise when the considered constraints violate
some of the axioms underlying the Choquet in-
tegral model [25]. In such a case, the Choquet
integral can not be considered as an sufficiently
rich aggregation function for modeling the initial
preferences of the decision maker.

A solution to the above problem is a full capac-
ity defined by 2n − 1 coefficients. The number
of variables involved in it increases exponentially
with n and so will the computational time. For
large problems, both for computational and sim-
plicity reasons, it may be preferable to restrict
the set of possible solutions to k-additive capac-
ities, k ∈ {1, . . . , n} [4]. The idea is here sim-
ply to rewrite the above optimization problem
in terms of the Möbius transform of a k-additive
game which will decrease the number of variables
from 2n − 1 to

∑k
l=1

(n
l

)

− 1. See [12] for more
details.

5.2 Practical implementation

The proposed approach was implemented within
the kappalab package [5] for the GNU R statis-

Table 1: Partial and global evaluations of the four
cooks. LP stands for Linear Programming and
MV for Minimum Variance.

Cook FL ST SC Mean PL MV
a 18 15 19 17.33 18.5 17.83
b 15 18 19 17.33 17 16.83
c 15 18 11 14.67 14.5 15.17
d 18 15 11 14.67 13 14.17

tical system [19]. The package is distributed
as free software and should be soon down-
loadable from the Comprehensive R Archive

Network (http://cran.r-project.org). The
quadratic program is solved using the R quadprog

package [24] which implements the dual method
of Goldfarb and Idnani [2, 3] for solving strictly
convex quadratic programming problems.

5.3 A simple example

We consider the example presented in [18, Exam-
ple 5.1] by Marichal and Roubens.

Four cooks a, b, c, d are evaluated according to
their ability to prepare three dishes : frogs’ legs
(FL), steak tartare (ST) and stuffed clams (SC).
Their evaluations on a [0, 20] scale are given in
Table 1.

The decision maker adopts the following reason-
ing : when a cook is renowned for his stuffed
clams, it is preferable that he/she is also better
in cooking frogs’ legs than steak tartare, which
implies that a �A b. However, when a cook badly
prepares stuffed clams, it is more important that
he/she is better in preparing steak tartare than
frogs’ legs, which leads to c �A d. Of course, we
also immediately have a �A d and b �A c but
these preferences do not contribute to anything
since they naturally follow from the monotonicity
of the Choquet integral [15].

Marichal and Roubens showed that there are no
additive model that can lead to this partial rank-
ing [18].

The minimum variance 2-additive game ν (2) given
in terms of its Möbius transform and satisfy-
ing, besides the monotonicity and normalization
constraints, the constraints Cν(2)(a) > Cν(2)(b)
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Table 2: Coefficients, variance and normalized
entropy of the Möbius representations of the 2-
additive capacities obtained by linear program-
ming (1st line) and the minimum variance princi-
ple (2nd line).

FL ST SC FL, ST FL, SC ST, SC V
0 0.5 0.5 0 0.5 -0.5 0.25

0.17 0.5 0.33 0 0.33 -0.33 0.14

and Cν(2)(c) > Cν(2)(d) with the same preference
threshold as in [18] (i.e. δC = 1) is written in the
second line of Table 2, the first line correspond-
ing to the solution obtained using Marichal’s and
Roubens’ approach.
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