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Abstract and operations easily coded. Fuzzy sets may also be
viewed as geometric objects [2, 3, 4] that can be ma-
In this paper we give a complete description of an in-nipulated using geometrical operations. This section
terval type-2 fuzzy logic system based on geometryshows how fuzzy sets may be represented and manip-
We compare our novel defuzzification technique with ulated as geometric objects.
type-reduction.
Keywords: Type-2 Interval Fuzzy Logic, Computa- 2.1 Geometric Fuzzy Sets
tional Geometry, Geometric Fuzzy Sets and Systems.
A geometric fuzzy set is a fuzzy set that is represented
1 Introduction by a ordered collection vertices called a polyline over
a continuous domain. The vertices are stored in as-

Interval type-2 fuzzy logic has a solid theoretical ba- ¢ending order according to theircomponent. Each
sis [7, 9, 10] and is increasingly being applied to realVertex is numbered from O to N. The geometric fuzzy
world applications [5, 11, 8]. All of these system are SEUA IS given in equation 1 along with a discretized
based around discrete fuzzy sets. We have previously€rsionB with 10 discrete points in equation 2. These
shown that it is not necessary to discretise the sets in 86tS are depicted Figures 1 (a) and 1 (b) respectively.
type-1 fuzzy system [3]. In this work we demonstrate

that interval type-2 systems can also operate over £=1(0.120),(0.4,0.3),(0.6,0.3),(0.7,1),(0.85,0);

continuous domain, giving fuzzy systems greater ac- (1)
curacy. B= 0.70/0.186+0.14/0.253+ 0.21/0.319+
The paper is organised as follows. Section 2 discusses 0.28/0.385+ 0.30/0.452+0.30/0.518+
the relationship between computational geometry and 0.30/0.585+0.57/0.651+0.90/0.717+
fuzzy logic. Section 3 gives a complete description of 0.43/0.784

how geometry can be used to perform interval type- ()

2 fuzzy logic operations. A comparison is given be-

tween our novel defuzzification technique and type re- u

. . . . . (%3,Y3)
duction. The final section draws conclusions fromthis 1 1
work.
2 Fuzzy Logic and Computational (xa.v1)

Geometry (c2.2) ‘ ‘ ‘ ‘ ‘

0 0 ] | |

Fuzzy sets are typically represented in computer 0™ (@) ** X 0 (b) X

memory as a set of equidistant points along a domain _
each with a membership grade between zero and oné&igure 1: (a) The Geometric Fuzzy Skt (b) The
These discrete fuzzy sets can be easily manipultateBiscrete Fuzzy Ses.
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Geometric fuzzy sets have been shown to providexo,Yo) from (3 is output. Repeating step 3 adds the
greater modelling accuracy [3]. Having defined theintersection pointXip,Yio) to the output and causes
geometric fuzzy set, we revisit how to apply opera-the lists to be switched. Step 3 then finds the ver-
tions from computational geometry to give the fuzzy tex (x2,y2) from a, which is added to the output. The

AND and OR. end ofa has been reached so the algorithm terminates,
returning the output vertices. The vertices form the re-

2.2 The Geometric Fuzzy AND sultant fuzzy sek as depicted in Figure 2 (b).

In computer graphics the ability to clip one polygon H oy Gy H

1 A /

/

(X1,Y1) \

// 1,¥1 \
/ )\ \\

0 / A

00 (%0.¥0) (X0,Y0) (x2,¥2) (x2,y2)X 0 (%0,¥0) (X2,Y2) X
@) (b)

against another is often needed. For example when
rendering a scene one way of ensuring that objects at
back of the scene are not drawn is to clip those ob-
jects against objects in the foreground. This is known
as back face culling or hidden surface removal. One
of the methods used for two dimensional back face
culling is the Weiler-Atherton [12] clipping algorithm.
This algorithm can be used to give the fuzzy AND of
two geometric fuzzy sets. The algorithm requires twoFigure 2: (a) the Fuzzy Setsandf. (b) The Fuzzy
vertex lists to be maintained, one for each set. AllSeta ORp.

points where the sets intersect must be found before-

hand, we use the Bently-Ottmann [1] plane sweep al-, .
gorithm to do this. The algorithm is given below. 2.3 The Geometric Fuzzy OR

_ _ ' _ The geometric fuzzy OR works in much the same
1. Find all the points where the two polylines inter- way as the AND. The OR uses the modified Weiler-
sect. Atherton clipping [3] given below.

2. PopulateA andB vertex lists including intersec-

tion points. 1. Find all the points where the two polylines inter-

sect.
3. Let the start point be the head of the list with
highest x co-ordinate, output this point. 2. PopulateA andB vertex lists including intersec-
tion points.

4. Traverse the list outputting points until an inter-
section point is come upon, then switch lists. 3. Let the start point be the head of the list with

] ) lowest x co-ordinate, output this point.
5. Repeat step 4 until off one of the lists.

4. Traverse the list outputting points until an inter-
Consider the two geometric fuzzy seatsand 3 de- section point is come upon, then switch lists.
picted in Figure 2 (a). Step 1 of the algorithm will
return the vertexxo, yio). The populated vertex lists 5. Repeat step 4 until off one of the lists.
from step 2 are given below.
The difference between the OR algorithm and AND

Vertex List a | Vertex List B algorithm is the vertex list that algorithm starts at.
(%0, Yo) Starting at the vertex with lowex gives the OR and
(X1,Y1) (o, Yo) and highex yields the AND.

(X0, Yio) (X0, Yio) , , _ _ _
(%2,Y2) (X1, Y1) This section has given a geome_trlc representation of a
(X2,Y2) fuzzy and shown how computational geometry can be

used to find the AND and OR of such sets. The next
Step 3 requires the head of the list with the highestsection uses these concepts to give a geometric model
x component to be selected and output. This verte)of interval type-2 fuzzy sets and systems.
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3 Geometric Interval Type-2 Fuzzy Systems u u
(x1,¥1)
1 (1)
This section utilises work on type-1 geometric fuzzy
sets to give representations and methods for interval ‘ ‘ ‘ ‘
7,

type-2 fuzzy sets.

3.1 Geometric Interval Type-2 Fuzzy Sets 0 0
0 X 70 by 02:¥2)X

A interval type-2 fuzzy set has membership grades,

called secondary membership functions (SMF) thatrigyre 4: (a)A Discrete Type-2 Interval Fuzzy Set (b)
are type-1 interval sets, a fuzzy set where all pointsy Geometric Type-2 Interval Fuzzy Set
are at unity. Definitions of the interval type-2 fuzzy

setA over discrete and continuous domains are givenrpe membership grade of a geometric interval type-2
in equations 3 and 4 respectively. Figure 3 (a) depictsfuzzy set is given by equations 6 - 8.
an interval type-2 fuzzy set along with a membership

grade from that set in Figure 3 (b). Mz (X) = [Ha(X), Ha(X)] (6)
A:%Zl/(x,u); J € [0,1] (3) 0 © X< %5 OR X> %
XeXuedx UA(X){ Vi . C X=X
A:/ / 1/(xu); k< [0,1] ) kt oo V1 — k) & R <X <X
Jxex Jue o (7
0 ; X< X OR X> Xn
o) =¢q ¥ v X=X
@ O Vet sy et =Y 1 X <X < X
1 « 1 - ®

Any fuzzy logic system has a rule base and and in-
ferencing system. A geometric interval type-2 fuzzy
system has a set of rules where the fuzzy sets in the
rules are geometric interval type-2 fuzzy sets. Such a
rule base is given in equation 9. All rules in the rule
base are combined with the OR operation.

1
Ma (X, u)

X 0 5 1

, ~ R, : IFaisAjandbisBorcisC THENdisD
Figure 3: (a) The Type-2 Interval Fuzzy S&t (b) ) . . )
The SMF ofxin A. R,: IFaisArandbisBorcisG THENdisD

9)

Since all points in the third dimension of an interval \yherea b andc are crisp inputsd is a crisp output.
type-2 fuzzy set are at unity this dimension can be ig—Al, B1, C1, D1, A, Bs, C; andD; are all fuzzy sets.
nored for modelling and computation purposes [10].

We can then define a geometric interval fuzzy set as; , Computing Rule Antecedents
two polylines, one representing the upper boundary

of the set and one representing the lower boundary o§ince the membership grade of a geometric interval
the set. A example sétis given in equation 5 where type-2 fuzzy set is a Crisp interv@Lr] we can use
X denotes the upper bound ardienotes the lower standard definitions [7, 9] for the join (ORJ) and
bound. A is depicted in Figure 4 (b) along with its meet (AND,M). These are given in equations 10 and

discrete equivalent in Figure 4 (a). The shaded areagi respectively, where denotes maximum andde-
represent each sets footprint of uncertainty. notes a t-norm.

A=1(0.3,0),(14,1),(3.3,0),(0.3,0),(1.4,0.45),(3.3,0)
(5) Mg Fi = [laxlox...xln, raxrox...xrp) (11)

UM Fi=[laVIaV.. . VigriVrgVv...vrg  (10)
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Consider the ruld?; from equation 9. Given a set 3.4 Combining the Rule Outputs

of inputs a = 14, b = 45 and ¢ = 7. the first step

is to fuzzify each input in its respective set. Sup- Having fired all the rules in the logic system we are
pose this yields the following crisp intervaig, (a) = left with a number_ of geometric_interval fuzzy sets.

[0.4,0.8], pg, (b) = [0.5,0.6] and pg, (c) = [0.3,0.7]. We need to _c_om_blne these_ set into one for _the final
First we calculate, () g, (b), which is [0.4V step, defuzzﬁlgatlon. Ina discrete system this would
0.5,0.8V 0.6] = [0.4,0.6]. Then calculate(z (a) I be done by taking the join at every pointin all the sets.

bg. (b)) Mg (c), which using the maximum t-norm is For a geometric system we use the fuzzy OR operation
[0_14/\ 0.5, 0.16A 0.8] = [0.5,0.8], giving the final an- given in section 2.3. Consider the two consequent sets

tecedent valuéd.5, 0.8]. C, andC; depicted in Figures 6 (a) and (b).
@ (b)
H H
1 1

3.3 Computing Rule Consequents

Having arrived at an antecedent valaga,|, the next
stage in the fuzzy logic system is implication. In a dis-
crete system this is done by taking the meet of every 0 N\ 0
point in the consequent set with the antecedent value. 0 X 0 X

To find the consequent set in the geometric system wéigure 6: (a) The Consequent St (b) The Conse-
utilise the type-1 operations defined in section 2. Ourquent SetC,.

geometric interval type-2 fuzzy set consists of two ge-

ometric fuzzy sets, one giving the lower and one giv-T0 find the OR of the set§; andC; we perform the
ing the upper bound. To perform implication we per- fuzzy OR onC; andC; and also orC, andC,. Again
form type-1 implication on the lower bound with the these operations may be performed in parallel. The
lower value from the antecedent and do the same witiiesultant geometric interval type-2 fuzzy sktis de-

the upper bound and the higher value from the an-icted in Figure 7.

tecedent. Lek ; be a value< Xy and letx,.1 be a u
value> x,. Leti| be a line segment frorfx_1, &) to 1
(Xn—1,&) and letiy be a line segment frorix_1,ay)

to (xn—1,ay). An example lines; andi, along with a

consequent sél; are depicted in Figure 5 (a). To find

the consequent set we perform the fuzzy AND from

section 2.2 orC; andi,, and also orC; andi;. Note 0
that these two operations are completely indepentdent 0 X

and can be performed in parallel. The resultant con-  Figure 7: The Resultant Consequent Sgt
sequent is depicted in Figure 5 (b).

a b e
(Il) (Ll) 3.5 Defuzzification
1 1
X—1 Xn+1 Having computed a final consequent set we now must
a: 1---5 defuzzify that fuzzy set to give a usable crisp value.
: / /\\ : Discrete systems use type-reduction [6, 9] to give a
a: crisp interval set and take the centre of this inter-
/ \\ val as the final output from the system. Here we
0 0 o :
0 X 70 depart from type-reduction instead favouring a geo-

Figure 5: (a) The Computation of a Consequent Setmetric interpretation of the centre of the FOU of the

(b) The Resultant Consequent. consequent set. To find the geometric centre of the
Cr’s FOU we convert the polylines of the lower and
upped bound to a closed non-intersecting polyBgn
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(3) Areat = (X1y2 — XoY1)/2 (13)
1 Oa.y1) Area b = (Xay3 —Xay2)/2 (14)
Area = (X3Yo — Xoy3)/2 (15)

Centroid p = (X0 +x1)/3 (16)

Centroid § = (x3 +X2)/3 (17)

Centroid = (x2+x3)/3 (18)

OOXO-YO) O y2) Centroid § = (x3+Xp)/3 (19)

Figure 8: (a) The PolygoRc;.
Each triangles area is calculated as half the cross prod-
(@) (b) uct of its edge vectors depicted with dashed and ar-

rowheaded lines. The centroid of a triangle is the sum
of the three vertex components (one will always be
/ . ..
7 7 zero) over three. We can generalize these giving the
% R ty area and centroid of any triang|én equations 20 and
t/O/ 7 21 respectively.
/ /
©) (d) Areat = (X¥it1—Xi+1%)/2 (20)
Centroid t = (X +Xi+1)/3 (22)
The weighted average of all the triangles is given by
. > equation 22 which reduces to equation 23.
) 4 _ t:\ t 4 4 ~ ]
- 3, Xi+Xir1 XiYit1—Xi1Vi
Z ¢ Zo( 3 7 )
CX - = (22)

E XiYi+1£Xi+1Yi
Figure 9: The Trianglew, t1, t> andta. =0

Let Cr = (Xo0,Y0), (X1,Y1), ---, (Xm,Ym) and letCg : (X' +1) O4¥i+1 = Xi2Y1)
Cx (23)

= (0.Yo). (1,1). -+ (nu¥n). The polygonPe = 3(_2 XiYit1—Xi+1Yi)
<X07y0>’ (Xl7y1)’ s (vaym)' (Xn,yn)1 B (X17y1)7 =0

(X0,¥0). Finally renumbering the indices for simplic-
ity Pe, = (X0,Y0), (X1,Y¥1)s---, (Xn,¥n). An example
polygonPc, is depicted in Figure 8 (a). We then de-
constructPc, into a collection ofn triangles, each
triangle consisting of the poir{d, 0) and two consec-
utive points fromPc,. These are depicted in Figures
9 (a) to (d).

To find the centroid oPc, we take the weighted aver-

HM:

3.6 Defuzzification Comparison

Having shown an alternative method for defuzzif-
ing geometric interval type-2 fuzzy set we now com-
pare the outcome of that method with that of type-
reduction. Consider the four sefs B, C andD de-
picted in Figures 10 (a) to (d).

To look at the difference between type-reduction and
dur geometric centroid we discretised each/st D
into ten equidistant points covering each sets domain.
We computed the centroid of each of these sets using
Area b = (Xoy1 — X1Yo)/2 (12)  centre of area type-reduction and took the geometric
—_— h centroid of the original set. These centroids are pre-
IHere we let(xo,Yo) be used the™ vertex that forms the d in Table 1 wh R d d and
closed polygon, thus our example has 4 vertices & (xo,Yo) sente ) in lable 1 where 'means t_ype-re uced an
being the first and last vertex. centroid means the geometric centroid.

to to t4. The centroids and areas of the triangles are
given below.
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