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Abstract

Bi-capacities are a natural generalization
of capacities (or fuzzy measures) in a
context of decision making where un-
derlying scales are bipolar. They are
able to capture a wide variety of decision
behaviours. After a short presentation
of the basis structure, we introduce the
Shapley value and the interaction index
for capacities. Afterwards, the case of bi-
capacities is studied with new axiomati-
zations of the interaction index.
Keywords: Bi-capacities, Shapley
value, interaction index, partnership of
criteria.

1 Introduction

Real-valued set functions are widely used in op-
erations research [10], while capacities [2] have
become a fundamental tool in decision making.
There has been some attempts to define more
general concepts, among which can be cited bi-
cooperative games [1], in game theory, which gen-
eralize the idea of ternary voting games [3]. In the
field of multicriteria decision making, there has
been a recent proposal of more general functions,
motivated by multicriteria decision making, lead-
ing to bi-capacities, which have been introduced
by Grabisch and Labreuche [6]. Specifically, let us
consider a set IV of criteria and a set X of alterna-
tives in a multicriteria decision making problem,
where each alternative = is described by a vec-
tor of real valued score (z1,...,2,). A decision
maker may provide a capacity v defined over 2%,
where v(A) for any A C N is the score of ev-
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ery binary alternative (14,04¢): all criteria of A
have score 1 and others, 0. Then it is well known
that the Choquet integral enables to compute an
overall score of the alternative x by interpolation
between binary alternatives. Motivated with per-
ceptible limitations of such a model, the decision
maker may score alternatives of X on a bipolar
scale in this way: to each bi-coalition (A, B) of
criteria — positive vs. negative ones — a ternary
alternative (14, —1p,04aup)e) is associated: ev-
ery criterion of A (the positive part) has a score
equal to 1 (total satisfaction), every one in B (the
negative part) has a score equal to —1 (total un-
satisfaction) and the others have a score equal to
0 (neutrality). Scores are given to each ternary
alternative, which defines a bi-capacity.

The concept of interaction index, can be seen as
an extension of the notion of value or power index
[13]. It is fundamental for it enables to measure
the interaction phenomena modelled by a capac-
ity on a set of criteria; such phenomena can be
for instance substitution or complementarity ef-
fects between some criteria [7]. Our aim is to
provide axiomatizations of the Shapley interac-
tion index of a bi-capacity. Two of them are
proposed: at first a recursive azxiom is used by
extension of the one of Grabisch and Roubens
[9], and subsequently we work out the reduced-
partnership-consistency axiom using the concept
of partnership [4].

2 Capacities and bi-capacities

Throughout the paper, N := {1,...,n} denotes
the finite referential set. Furthermore, cardinali-
ties of subsets S, T, ... are denoted by the corre-
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sponding lower case letters s,t,...

We begin by recalling basic notion about ca-
pacities for finite sets [2]. A cooperative game
v: 2N — RY is a set function such that v((})) = 0,
and v is said to be a capacity if A C B C N im-
plies v(A) < v(B) (monotonicity condition). If
in addition v¥(N) = 1, the capacity is said to be
normalized.

Let us denote Q(N) := {(A,B) € 2V x 2V | An
B = 0}.

Definition 1 A function v : Q(N) — R is a bi-
capacity if it satisfies:

(i) v(0,0) =0

(ii) A C B implies v(A,-) < v(B,-) and
v(-,A) > v(-, B).

In addition, v is normalized if v(N,0) = 1 =
—v(0,N).

In a multicriteria decision making framework,
v(A, B) represents the score of the ternary alter-
native (14, —1p,0(4up)c). Note that the defini-
tion implies that v(-,0) > 0 and v(0,-) < 0. Ac-
tually, bi-capacities are particular bi-cooperative
games [1], that is, functions defined over Q(N)
with only condition (i) holding.

From its definition, Q(N) is isomorphic to the set
of mappings from N to {—1,0, 1}, hence |Q(N)| =
3™. Also, it is easy to see that Q(N) is a lattice,
when equipped with the order:

(A,B)C (C,D)if ACC and B2 D.
Supremum and infimum are respectively

(A,B)U(C,D)=(AUC,BND)
(A,B)n(C,D)=(ANC,BUD),

and top and bottom are respectively (N, () and
(B, N). We give in Fig. 1 the Hasse diagram of
(Q(N),C) for n = 3 (where top, bottom and the
central point (), () are represented by black cir-
cles).

Derivatives of bi-capacities play a central role in
the definition of interaction [6] and are defined in

Figure 1: The lattice Q(N) for n = 3

this way: if v is a bi-capacity, and i € N,

A gv(K, L) :=v(KUi,L)—v(K, L),
for any (K, L) € Q(N \ 1);
Apv(K,L) :=v(K,L\i)—v(K,L),
for any (K, L) € Q(N) with i € L.
Recursively, we define Agzv for any (K,L) €
Q(N \ S) with L C T, for any i € S and any
jeT,by
AS7TU(K7 L) = Ai,@(AS\i,TU(Kv L))
so that these values are always non-negative. This
generalizes the notion of derivative for a capac-
ity v, that is Ajw(4) = v(AU1i) — v(A) if
i€ N,AC N \iand Agv(A) := Ai(Ag\v(A)) if
ACN\S.
Although we develop our results for bi-capacities,

we emphasize the fact that all subsequent results
remain valid for bi-cooperative games.

3 Previous work on interaction index
for capacities

We recall in this section two main ways which
have been conducted to axiomatize the interac-
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tion index for capacities. Since the following ax-
ioms extend the ones of the Shapley value, we
may adopt the terminology of Shapley interaction
indez.

In this section, v denotes a capacity on N. Let us
recall its Shapley value: for any element ¢ € IV,

¢'(i):= Y pa(n) (W(S V) = v(9)),

SCN\i

where the coefficients pl(n) := % define a

probability distribution over {S C N \ i}.

The classical axioms introduced by Shapley [13]
(see also Weber [14]) are the following

e Linearity: for any i € N, ¢(i) is linear on the
set of capacities on V.

i € N is said to be dummy for v if VS C N\,
v(SUi) =v(S)+ v(i).

e Dummy axiom: For any capacity v and any
i € N dummy for v, ¢¥(i) = v (7).

e Symmetry axiom: for any permutation o
on N, any capacity v and any ¢ € N,
¢"° ' (0(i)) = ¢(i). This means that ¢”
must not depend on the labelling of the cri-
teria.

e Efficiency axiom (E¢): for any capacity v,
Y ien @7 (i) = v(IV); that is to say the values
of the criteria must be divided in proportion
of the overall score v(N).

By generalizing Murofushi and Soneda [12], Gra-
bisch has defined the interaction index of capac-
ities [5]. A first axiomatization have been pro-
posed by Grabisch and Roubens and rests on a
recursivity axiom [9]. For this, they introduce the
following definitions:

Let K a non-empty subset of N and B C N \
K. The restricted capacity v is the capacity v
restricted to 25. The restriction of v to K in the
presence of B is the capacity defined by

vE5(S) := v(SUB) — v(B)

for any S C K. Lastly, the reduced capacity v
is the capacity defined on N := (N \ K)U{[K]}
by

vIEl(A) .= p(A%)

200

Aif[K] ¢ A
* .
where A* := { (A\ [K]) UK else °
indicates a single hypothetical player, which is the
representative of the players in K.

; [K] actually

Recursivity axiom 1 (R1¢): For any
capacity v, VS C N, s > 1, Vi € S,

N\z

1/(8) = 15" (5 \ i) - 17V (S ).
Recursivity axiom 2 (R2¢): For any
capacity v, VS C N, s > 1,

-y

KCS

K20

1'(8) = (S\ K).

Theorem 1 (Grabisch, Roubens [9]) Under
linear axiom, dummy axiom, symmetry azxiom,
efficiency axiom (E°) and ((R1¢) or (R2¢)), for
any capacity v, VS C N, S # 0,

I'(S)= 3 pi(n) Asv(T),
TCN\S
where pi(n) :=pf(n—s+1) = %

Actually, the authors have shown that (R1¢) and
(R2°) are equivalent under the first axioms [9].

Now we present an axiomatization of Fujimoto,
Kojadinovic and Marichal based on the concept
of partnership coalition [4]; we use for this the
following generalized axioms:

Linear axiom (L¢): For any S C N,
I(S) is linear on the set of capacities on
N.

Dummy axiom (D¢): For any capac-
ity v and any ¢« € N dummy for v,

{IV(i):u(i)
VSCN\i, S#£0, I"(SUi)=0 "

Symmetry axiom (S¢): For any per-
mutation ¢ on N, any capacity v and
any S C N,

1

(0(5)) = I"(S).

Iuoa_
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For any P C N, P is said to be a partnership for
v if

VSC P, VYITCN\P, v(SUT)=v(T).
In other words, as long as the elements of P are

not present, the worth of any coalition outside P
is left unchanged.

Reduced-partnership-consistency
axiom (RPC¢): For any capacity v
and P C N partnership for v,

1'(P) = 1""([P)).
Theorem 2 (Fujimoto, Kojadinovic,

Marichal, [4]) Under (L¢), (D°), (S¢), (E°)
and (RPC°), for any capacity v, VS C N, S # 0,

Y piln) Asu(T),

TCN\S

1°(S) =

As in Theorem 1, I” is again the Shapley interac-
tion index of v.

4 Axiomatization of the interaction
for bi-capacities

In the sequel, v is a bi-capacity. Since criterion
i has two possible situations (either being in the
positive part or in the negative part of the bi-
coalition), the effects of which being not neces-
sarily symmetric on v, we should define a value
®; p representing the contribution of ¢ “joining
the positive part” and a value ®p; representing
the contribution of ¢ “leaving the negative part”.
Indeed, Labreuche and Grabisch have already ax-
iomatized a Shapley value for bi-capacities [11],
which is done by introducing axioms similar to the
original ones of Shapley that we recalled above:

Linearity (L): For any i € N, ®, y and
®y ; are linear on the set of bi-capacities
on N.

i € N is said to be left-null (resp. right-null) for
vif V(K,L) € Q(N \ i),

v(K U4, L) (resp. v(K,LU%)) =v(K,L).

Left-null axiom (LN): For any bi-
capacity v and any ¢ € N left-null for
U, @;}0 — 0.

Right-null axiom (RN): For any bi-
capacity v and any ¢ € N right-null for
v, 5. =0.

Invariance axiom (I): For any two bi-
capacities v, w, and any ¢ € N such that
V(K,L) € Q(N \ )
v(KUi, L) =w(K,L)
{ v(K,L)=w(K,LUi) "’
then @2(0 = <I>”“‘ji.

This axiom which, has no equivalent in the case
of capacities, says that when a game w behaves
symmetrically with v, then the Shapley values are
the same.

Symmetry axiom (S): For any per-
mutation o on NN, any bi-capacity v and
any ¢ € N,

—1 —1
g’?’%,@ = @Z@ and @8?;—(1) = (bv,i'

Efficiency axiom (E): For any bi-
capacity v,

S (g + 6,) = v(N.0) — (B, N).

1EN

Theorem 3 (Labreuche, Grabisch [11])
Under (L), (LN), (RN), (1), (S) and (E)
for any bi-capacity v, Vi € N,

Sig= Y py(n)[p(SULN\(SUI))
SCN\i

— (S, N\ (SUi))],

Qo= Y pa(n) (S, N\ (SU))

SCN\i
—v(S,N\ 9)].

Now, since Grabisch and Labreuche have also de-
fined an interaction index IV over Q(N) for bi-
capacities [8], it is necessary to give satisfactory
properties to characterize it.
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In the first place, as the interaction index for ca-
pacities can be obtained from the Shapley value
by a recursion formula, we give here a similar
approach to build I ST from @Y et z@ and
<I>”7 = I(Z) Practlcally, Ig ¢ denotes the interac-
tion index when S is added to the positive part,
and T is withdrawn from the negative part (i.e.
the elements of T become neutral).

For any non-empty subset K, the restricted bi-

capacity v’ is the restriction of v to Q(K). Be-
sides, vf\l and vf\l are particular restricted bi-

capacities defined by
vV(A, B) := v(A Ui, B) — v(i, 0)
v N (A, B) := v(A, BUi) — v(0,4),

for any (A4, B) € Q(N \ ).
S

We respectively call
and viv\z the restrictions of v in positive and
negative presence of i. Note that the substrac-
tions of v(i,0) and v(0,4) are necessary to con-
straint the nullity in (), ). The following axiom
generalizes (R1€).

Recursivity axiom (R): For any bi-

capacity v, V(S,T) € Q(N), s+t > 2;
UN\i
Vi € 57 I}iT IS\’LT IS\’LT’ if s 2 1,

N\i N\z

V’I/ET, IST_IET\’L IS}\Z’ lftZ].

Theorem 4 Under (L), (LN), (RN), (1), (S),
(E) and (R), for any bi-capacity v, for any bi-

coalition (S, T), (S,T) # (0,0),
Igr= > pi(n) Agro(K,N\ (KUS)).
KCN\(SUT)

Let us remark that a such result has also been
derived from a generalization of (R2°) (see [8]).

In the second place, one can take inspiration from
the Fujimoto, Kojadinovic and Marichal’s work
[4] in working out an equivalent axiom of the
above (RPC) axiom for capacities. Let us start
by defining the concepts of partnership and re-
duced bi-capacity.

For any P C N, P is said a partnership for v if
V(S,T) € Q(N\ P), VYPy,P_ C P such that
P, N P_ =1, we have

v(SUPL, TUP_)=uv(ST).
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The meaning is the same that for capacities, that
is, if all elements of P are not joined together then
they have a null effect on the worth of v.

For any non-empty subset K, the reduced bi-
capacity v5] is the bi-capacity defined on N, (K] i=
(N'\ K) U{[K]} by

o518, T) := v (S*, T%),

Aif [K]¢g A
(A\ [K])UK else ’
still comparable to a single macro player.

where A* := { and [K] is

Reduced-partnership-consistency
axiom (RPC): For any bi-capacity v
and any partnership P C N for v,

vl

Ipg = Iip p-

A first remark is that one could replace this axiom
with its symmetric, that is, Ié}’ p = Ié’,[?,], when
P is still a partnership for v, one or the other
being sufficient. On the other hand, from this
axiom and the above ones (N), (LN), (RN), (I),
(S) and (E), it is impossible to compute every
Ig r whenever T' # (). Consequently, we do it by
generalizing these axioms:

Generalized linearity (GL): For any
(S,T) € Q(N), Isr is linear on the set
of bi-capacities on V.

Generalized left-null axiom (GLN):
For any bi-capacity v and any ¢ € N left-
null for v,
Ig'Ui,T =0, V(Sv T) S Q(N \ Z)
Generalized right-null axiom (GRN):
For any bi-capacity v and any ¢ € N right-
null for v,
Igry =0, V(S,T) € QN \1i).
Generalized invariance axiom (GI):
For any two bi-capacities v,w and any
i € N such that V(K,L) € Q(N \ i),
v(KUi,L)=w(K,L)
v(K,L) =w(K,LUj1)

, we have

Isuir = IS Ui V(S,T) € Q(N \i).
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Generalized symmetry axiom (GS):
For any permutation ¢ on N, any bi-
capacity v and any (S,T) € Q(N),

voo 1

o().0(1) = 18,1

Finally, we give the following result:

Theorem 5 Under (GL), (GLN), (GRN), (GI),
(GS) and (E), (R) and (RPC) are equivalent, thus
for any bi-capacity v, for any bi-coalition (S,T),
(S, T) # (0,0),

S i) Asro(K, N\ (KU S)).
KCN\(SuT)

v
Igr =

5 Conclusion

Axiomatic characterizations of the interaction in-
dex of bi-capacities have been proposed. The
presented description is based on generaliza-
tions of the recursivity axiom and the reduced-
partnership-consinstency axiom. According to
the choice of the one or the other, more or less
powerful linearity, invariance and symmetry are
required.
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