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Summary

In �	
 an index of similarity among concepts�
playing an important role in the Analogical
Case�Based Reasoning there shown� is intro�
duced� That index is here studied as a fuzzy
relation by analysing for which continuous
t�norms T is a T �indistinguishability� That
index is also considered from a metric view�
point�

Furthermore� a series of dues are given with
regard to the possible choice of a numerical
threshold � best suited for considering two
concepts A and B as similar when their index
of similarity exceeds the value ��

Key words� Similarity ratio� fuzzy relation�
T �indistinguishability�

�� The mathematical study of fuzzy equivalences� or
T �indistinguishabilities� has led to the publication of
a good many papers 
see ��
� ���
� ��
� etc��� It is wor�
thy of note that� within Theoretical Fuzzy Logic� the
mathematical analysis of T �indistinguishabilities is a
�eld that is important in itself and of undeniable in�
terest for fuzzy logic applications� such as control the�
ory� for instance 
see ��
� etc��� Furthermore� there
are papers in which given indices are used to measure
similarity and where fuzzy logic concepts� that could
possibly reinforce the theoretical framework of the pro�
posed methodology� are not taken into account� This
is the case of �	
� an interesting paper in which what
is referred to as the �ratio of similarity� between two
concepts A and B� with respective numerical signa�
tures 
a�� � � � � an� and 
b�� � � � � bn� 
that can be easily
considered as belonging to ��� �
n� related to an n�tuple
P � fp�� � � � � png of relevant properties of the domain
in question� plays a decisive role� In the above paper�
the ratio of similarity is taken to be the number
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which de�nes the crisp relations of analogy given by
A sim�B if and only if sim
A�B� � �� The function
�sim� can evidently be viewed as a fuzzy relation�

�� Let E � fx�� � � � � xng be a �nite universe of dis�
course and F
E� � ��� �
E be the set of all the fuzzy
subsets ofE� The fuzzy relation sim � F
E��F
E��
��� �
 � de�ned by

sim
A�B� �
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i��

Min
A
xi�� B
xi��

Max

�
nP
i��
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xi��
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i��

B
xi�

� �

is the above�mentioned formula 
��� bearing in mind
that A
xi� � ai and B
xi� � bi� Obviously�
sim
A�B� � ��� �
 for any A and B of F
E�� Also�
sim
A�A� � � and sim
A�B� � sim
B�A� for any A
and B of F
E�� that is� sim is a re�exive and symmet�
rical fuzzy relation in F
E� 
see ��
�� Furthermore� it
can be proved that it is a separating relation� that is�

Theorem � sim
A�B� � � if and only if A � B�

Note also that sim
A�B� � � if and only if A
xi� � �
or B
xi� � � is satis�ed for every i � f�� � � � � ng� That
is to say

Theorem � It is sim
A�B� � � if and only if
A � B � ��� by de�ning as usual 
A � B�
xi� �
Min
A
xi�� B
xi�� for every xi � E�

Were sim to be a T �indistinguishability for a t�norm
T sim would have to be T �transitive 
see ���
�� that
is� T 
sim
A�B�� sim
B�C�� � sim
A�C� for any A�
B and C of F
E�� Let F
Prod� be the family of t�
norms of the product� that is� the t�norms T� � ��� �
Prod �
� � ��� where � � ��� �
 � ��� �
 is continuous�
strictly increasing and such that �
�� � � and �
�� �
�� Let us see � �rstly� that if T � F
Prod� �o T � Min�
then sim is not T �transitive� To this end�

Lemma � If sim is T �transitive� then T 
a� b� � � for
every 
a� b� � ��� �
� such that a� b � ��



Theorem � If T � Min or T � F
Prod�� sim is not
T �indistinguishability�

Proof� Su�ce it to take a and b such that � � a� b �
���� then a�b � � and� nevertheless� Min
a� b� � � and
T 
a� b� � ���
�
a� � �
b�� � ���
�� � �� However�

Theorem � sim is a W �indistinguishability�

Proof� Let A� B and C of F
E�� where E �
fx�� � � � � xng and let us denote ai � A
xi�� bi � B
xi�
and ci � C
xi�� for each i � f�� � � � � ng� and a �Pn

i�� ai� b �
Pn

i�� bi and c �
Pn

��� ci� It is a
matter of proving that W 
sim
A�B�� sim
B�C�� �
sim
A�C� or� alternatively� that

sim
A�B� � sim
B�C� � sim
A�C� � � 
��

Suppose� �rstly� that b � Max
a� c�� in this case� the
inequality to be proven is�

nP
i��

Min
ai� bi�

b
�

nP
i��

Min
bi� ci�

b
�

nP
i��

Min
ai� ci�

Max
a� c�
� ��

As Min
ai� bi��Min
bi� ci� � ai� bi and Min
ai� bi��
Min
bi� ci� � bi � ci for every i � f�� � � � � ng� then
Min
ai� bi� � Min
bi� ci� � Min
ai� ci� � bi� hence� by
summing in i and dividing by b� we get

nP
i��

Min
ai� bi�

b
�

nP
i��

Min
bi� ci�

b
�

nP
i��

Min
ai� ci�

b
� ��

and as

P
n

i��
Min�ai�ci�

b �
P

n

i��
Min�ai�ci�

Max�a�c� we get the in�

equality we sought to prove�

Suppose� secondly� that a � Max
b� c�� Consider the
following partition of the set of indices�

I � fi � f�� � � � � ng� ai � bi � cig
J � fi � f�� � � � � ng� ai � ci � big
K � fi � f�� � � � � ng� bi � ai � cig
L � fi � f�� � � � � ng� bi � ci � aig
M � fi � f�� � � � � ng� ci � ai � big
N � fi � f�� � � � � ng� ci � bi � aig

and say aI �
P
i�I

ai� bI �
P
i�I

bi� cI �
P
i�I

ci and so on

for each element of the partition� Using this notation�
we get the relations

aI�bI�cI bK�aK�cK cM�aM�bM
aJ�cJ�bJ bL�cL�aL cN�bN�aN 
	�

and then sim
A�B� � sim
B�C� �
bI�bJ�aK�aL�bM�aN

a � cI�bJ�cK�cL�bM�bN
Max�b�c� �

bI�bJ�aK�aL�bM�aN
a � cI�bJ�cK�cL�bM�bN

b �

If the last member of the above expression is found to
be less than or equal to

sim
A�C� � � �
cI � cJ � cK � aL � aM � aN

a
� �

we will have proven that the inequality 
�� holds in the
event that a �Max
b� c�� However� this is tantamount
to proving

bI � bJ � aK � bM
a

�
cI � bJ � cK � cL � bM � bN

b

� cI � cJ � cK � aM
a

� � that amounts to

bIb� bJb� aKb� bMb� cIa� cKa� cLa �
cIb� cJb� cKb� aMb� bIa� bKa� bLa�


��

From 
	� it is

bJb� bMb� cLa � cJb� aMb� bLa� 
��

also� since b � a and bI 	 cI � �� it is

bIb� cIa � bIa� cIb� 
��

and since cK � aK � bK it is

aKb� cKa � bKa� cKb� 
��

By summing 
��� 
�� and 
�� member by member� we
get the inequality 
���

Finally� suppose that c � Max
a� b�� Then� as in the
above case� sim
C�B� � sim
B�A� � sim
C�A� � �
and since sim is symmetric� 
�� again holds� hence�
sim is W �transitive�

�� The fuzzy relation sim is not only T �transitive for
the �Lukasiewicz t�norm T � W � there also exist t�
norms T� of the �Lukasiewicz family� F
W � 
that is�
T� � ��� � W � 
� � �� and � as above when the
family of the Product� F
Prod�� was introduced before
Lemma 	 � for which sim is T��transitive� In fact� it
is easy to prove

Theorem � If T� � F
W � is such that T�
x� y� �
W 
x� y� for each 
x� y� � ��� �
�� sim is a T��
indistinguishability�

For example� if �n
x� � xn� then T�n � ���n �W�
�n�
�n� �W in ��� �
� and then sim is T�n�transitive and
a T�n�indistinguishability for any natural number n�

Theorem 	 If T� � F
W � and sim is a T��
indistinguishability� then Nid
x� � N�
x� for every
x � ��� �
� where Nid and N� are the negations associ�
ated with the identity and with �� respectively�

Proof� If an a � ��� �
 existed such that N�
a� �
���
�	�
a�� � Nid
a� � �	a� then we could consider
b such that N�
a� � b � � 	 a� hence �
a� � �
b� �



�
a� ��
N�
a�� � �
a� ��
���
�	�
a��� � �� and�
therefore� T�
a� b� � ���
�
a���
b�	�� � ���
�� �
� which contradicts lemma 	 since a� b � �� For the
characterization of Strong�Negations� see ���
�

As an application of the above result� consider that
if �
x� � x�� where � � � is a real number� then
sim is not T��transitive� Since x� � x if and only
if 
� 	 x���� � 
� 	 x����� � N�
x�� it is N�
x� �

� 	 x���� � � 	 x � Nid
x� if x � 
�� ��� Therefore�
sim cannot be T��transitive�

Note� It is easy to prove that for any function � that
satis�es �
x� � x for every x � ��� �
� it is Nid � N�

The reciprocal of last theorem does not hold�
Indeed� the function � � ��� �
� ��� �
 de�ned by

�
x� �

�
x if x � ���
�
�x

� if � � x � ���

is continuous� strictly increasing and satis�es �
�� � ��
�
�� � �� additionally �
x� � x holds for every
x � ��� �
� Then� taking into account the above ob�
servation� is Nid � N�� Let us see� however� that sim
is not T��transitive�

Let E � fx�� x�� x�g and consider A� B and C� de�ned
as shown by the table below�

A B C
���
���
���

���
���
���

���
���
�P

A
xi� � �
P

B
xi� � �
P

C
xi� � ���

Then� as sim
A�B� � ���� sim
B�C� � ��� and
sim
A�C� � 	�� it is T�
sim
A�B�� sim
B�C���
���
�
���� � �
����	 �� � ���
	��� � sim
A�B��

�� Like any fuzzy set� the relation sim has its asso�
ciated ��cuts 
see� ��
�� that is� the classical relations
sim� in F
E�� de�ned by

A sim�B if and only if sim
A�B� � ��

Such relations are referred to in �	
 as relations of anal

ogy and� obviously� are all re�exive and symmetrical�
although the only one that is transitive and� therefore�
a relation of equivalence� corresponds to � � ��

Theorem � sim� is transitive if and only if � � ��

Proof� If � � �� it follows from theorem � that sim�

is the relation of equality and is� therefore� transitive�
If sim� is transitive and suppose that � � �� consider
�� � � � � �� and A� B� C � F
E�� where E �
fx�� x�� x�g� de�ned according by the table�

A B C
�
�
�

�
�	 
� � ��

�

�	 �
�

�	 
�	 ��P
A
xi� � �

P
B
xi� � �

P
C
xi� � �

Hence sim
A�B� � �� sim
B�C� � �� as � � �	 
�	
�� if and only if � � �� and sim
A�C� � � 	 � � ��
then� sim� is not transitive� It is clear� pursuant to
theorem � that sim� � f
A�A��A � F
E�g� whereas
sim	�F
E� �F
E� and� pursuant to theorem � it is

sim		
� S
��	

sim�

�
�f
A�B��F
E��F
E��A�B���g�

�� The fact that the fuzzy relation sim is T �transitive
for some t�norms T � ��� �W � 
� � �� means that
the question can be addressed from a metric viewpoint�
thanks to the following result

Lemma � The necessary and su�cient condition for
a fuzzy relation S � E � E � ��� �
 to be a T �
indistinguishability for T � F
W � where T � ��� �
W � 
� � ��� is that the function D � E � E � ��� �

de�ned by D � �	 � � S� is a distance�

The case � � id was considered in ���
 and the general
case in ���
� Consequently�

Theorem �
 If T � F
W �� with T � ��� �W � 
��
��� the necessary and su�cient condition for the fuzzy
relation sim to be a T �indistinguishability is that the
function D� � �	 � � sim is a distance�

Moreover� D� is �separating�� in the sense that
D�
A�B� � � if and only if A � B� follows from the�
orem ��

If T � ����W �
���� is a t�norm of F
W � for which
sim is T �transitive� it is obvious that

A sim�B if and only if D�
A�B� � �	 �
���

holds� and the neighbourhoods

E������
A� � fB � F
E��D�
A�B� � �	 �
��g�

in the respective metric space 
F
E�� D�� a�ord the
equivalent de�nitions�

A sim�B i� B � E������
A� i� A � E������
B��

That is� two functions A and B are linked by the clas�
sical relation sim� 
are �analogical� with the thresh�
old �� as stated in �	
� if and only if the distance
between them is at most � 	 �
��� Obviously� it is
E������
A� � fAg if and only if � � � and� of course�
the neighbourhoods E������
A� are clusters of ana�
logical functions�

Pursuant to the above� if � � � � � � �� then
sim� 
 sim� 
 sim� 
 sim	� That is� if the values



of the threshold � in ��� �
 are high� each A � F
E�
is analogical to only a few B � F
E�� whereas if they
are low� it is similar to a lot� Therefore� it is reason�
able to think that� as a general rule� the best relations
of analogy sim� will correspond to intermediate val�
ues of the threshold �� Furthermore� as we are likely
to want to evade logically incompatible pairs 
A�B�

that is� such that A � B � ��� see ��	
�� the value
for the threshold should be taken from the intermedi�
ate region closest to the value � � �� indeed� the paper
referenced as �	
 considers the threshold � � ��� which
the authors claim to have attained experimentally�

Besides classical relations sim�� for � � � are not
transitive� they have a kind of restricted transitivity
that can allow some control of the analogical reasoning
systems in which they are used� In fact� as it is always

sim
A�C� �W 
sim
A�B�� sim
B�C���

inequalities sim
A�B� � � and sim
B�C� � � im�
ply sim
A�C� � W 
�� ��� that is� a lower bound
W 
�� �� of sim
A�C� is obtained� Nevertheless� if it
is W 
�� �� � � this inequality is not at all informative
on the values of sim
A�C��

To have W 
�� �� � Max
�� �� 	 �� � � it su�ces to
have � � ���� Consequently� if � � ��� the scheme�

A sim� B
B sim� C

A simW ����� C�

holds with W 
�� �� � �� and the classical relation
sim� shows this restricted transitivity�

As it was proven beforehand� if T� � F
W � veri�es
T� � W the fuzzy relation sim is T� transitive� and
then� sim
A�C� � W 
�� �� � T�
�� ��� When it
is also T�
�� �� � �� a small and then not too good
lower bound than W 
�� �� is reached for sim
A�C� if
� � ���� Because of with �
x� � x� it is T� � F
W �

and T� �W � the number
p
Max
�� ��� 	 �� is such a

bound provided it is positive� a situation that happens
if � �

p
��� � ��������� Then� it is enough to take

� � ������ to be sure that the relation sim� enjoys
the restricted transitivity shown by�

A sim� B
B sim� C

A simT������ C�

with T�
�� �� �
p
Max
�� ��� 	 �� � �� Perhaps a

re�nement of the experiments that in �	
 conducted to
use � � ��� can show that the ratio sim was taken
there as T��transitive with �
x� � x� and not as W �
transitive� In that case� A and B can be taken as
�analogous� if the �distance� between both is less or
equal than �	 �
�� � �	 


p
��� � ���

Each application is likely to call for an experimental
determination of the maximum threshold� However�
an upper bound � of the maximum threshold

can be determined for each family fA�� � � � � Ang of
functions as follows� Calculate sim
Ai� Aj� � �ij for
each pair of indices i� j� and let � � Minf�ij � � � i� j �
ng� as Ai sim� Aj for each pair Ai� Aj � then it is also
Ai sim�Aj for any � � ��
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