ALGORITHMS TO EXTEND CRISP FUNCTIONS AND THEIR
INVERSE FUNCTIONS TO FUZZY NUMBERS

0O.G. Duarte

M. Delgado

I.Requena

Department of Electrical Engineering Department of Computer Sciences Department of Computer Sciences

Universidad Nacional de Colombia and A.IL. - E.T.T.S.I. Informética,
Universidad de Granada,
Avda de Andalucia 38
C.P. 18071 Granada, Spain
mdelgado@decsai.ugr.es

Ciudad Universitaria Ed 453 Of 202
Bogotda, Colombia
ogduarte@ingenieria.ingsala.unal.edu.co

Abstract

In this paper we show an algorithm to ex-
tend a kind ofcontinuous crisp functions to
fuzzy numbers using the extension principle.
Then we present two different solutions to the
problem of extending inverse functions which
we have called possible extension and neces-
sary extension. Finally, using these solutions
we have generated a family of intermediate
extensions that let us define a parameter to
measure the existence of the extended inverse
functions.

Keywords: Fuzzy numbers, fuzzy relations,
possible extension, necessary extension.

1 INTRODUCTION

Although fuzzy numbers can successfully represent the
uncertainty of a numerical variable in a mathemati-
cal model, there are some difficulties representing the
functions that relate these variables, mainly because
with the most usual definition (used in this paper and
shown later), the fuzzy numbers do not have a group
algebraic structure.

Another difficulty is that mathematical models are
generally designed to deal with non- fuzzy (crisp) nu-
merical variables and therefore the functions in the
models operate on crisp numbers. If we attempt to
use fuzzy numbers to represent numerical variables, it
is necessary to extend the crisp functions included in
the model to fuzzy numbers. The usual way to extend
a function is to use the Extension Principle postulated
by Zadeh [4]; although this is generally an effective and
useful strategy, in some cases it is not the best way to
deal with inverse functions, because there are special
difficulties associated with inverse functions; this has
been studied in depth by Yager [3]. Bouchon- Meunier
et al [1] have demonstrated that if a crisp function is
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invertible then fuzzy numbers are the only fuzzy sets
that maintain the invertibility of the function.

Furthermore, as Giachetti [2] notes, when dealing with
functions of more than one argument we can have di-
verse definitions of “invertibility” according to the ap-
plication of the inverse function; we explain it in sec-
tion 4.

The main aim of this paper is to present some al-
gorithms that allow functions which relate crisp nu-
merical variables in a mathematical model to be used
when these variables are represented by fuzzy num-
bers, without the need to modify the original crisp
functions. The algorithms related to inverse functions
ensure the existence of a solution, but sometimes it is
necessary to modify the problem conditions. further-
more, we develop a measure of the existence of the ex-
tended inverse function. The functions included in this
paper are multiple argument functions, monotonically
increasing in some of the arguments and monotonically
decreasing in the others.

2 BASIC DEFINITIONS AND
NOTATION

2.1 DEFINITION 1: FUZZY NUMBERS

We use in our algorithms the following representation
of a Fuzzy Number: Let A be a number with member-
ship function A(z); the a-cuts of A are:

Ao = {z]|A(z) > a} = [La(a), Ra(a)]a € (0,1] (1)

A is a fuzzy number if and only if L4(«a) and Ra(a)
satisfy that L4(«) must be monotonically increasing
and right continuous, R4(a) must be monotonically
decreasing and left continuous, and L4 (1) < R4(1)

A may also be represented using the function
Da(a,d): (0,1] x {—1,1} — R as follows:

LA(a)

Da(a,d) :{ Lale) itd=1

ifd=-1



The a-cuts of A may now be written:
Ay = [DA(aa 1);DA(a> _1)]

Note that the representation of a fuzzy number using
the function Da(«,d) is conceptually the same as if
we use a-cuts. In this paper we will use the function
D 4(a,d) so that the algorithms are more compact.

In our algorithms we will suppose that we want to
know a discrete number of a-cuts, associated with an
ordered set Alfa = {a1,as,...,ap} where a; < a;y1
and a; > 0.

2.2 DEFINITION 2

In the rest of the paper we assume that y = f(X) :
Uy x Uy x ... x U, — V is a continuous function,
monotonically increasing with some of the n variables
and monotonically decreasing with the others (U;, V' C
R). We also assume that z;, = f, '(y, Xp) Xj =
{x1,%2,. .., Tk—1,Tht1,-.-,Tn} is the function that
calculates the value of z; when we know the output
y and the other input variables x;; furthermore, we
assume that f(X) and f, '(y, Xi) are well defined in
all the possible combinations of their respective argu-
ments. We define the function ds(¢) : I — {1,-1} (I
is the index set) as follows:

d; (i) = 1 if f(X) increases with z;
Y= -1 if f(X) decreases with z;

2.3 DEFINITION 3

Let Ai,As,...,A, be n fuzzy numbers defined
on Up,Us,...U, respectively using the functions
D 4i(c,d) (definition 1) with A; representing the value
of the argument z; of f(X).We define

(Daie,ds ()i =1,...,n} (2)

DX(a,df) = <7
{Daila,—ds(3));i=1,...,n}

Dx(Oé,—df) =

Each of the elements D 4;(c, dy (7)) and D 4;(a, —df(i))
belong to the a-cut of A;. Furthermore, they are the
lowest or highest value of the a-cut of A; depending
on the increasing-decreasing condition of the variable
z;. So, Dx(a,dy) is the set of values of X belong-
ing to the respective a-cuts of Xy, X,,..., X, that
gives y the lowest value. Moreover, Dx(a,—dy) is
the set of values of X belonging to the respective a-
cuts of X1, Xo,..., X, that gives y the highest value.
Note that Da;(c, dy (7)) is an increasing function of a,
whereas D 4;(a, —dy(i)) is a decreasing one. We also
define

Dx(a,dy(k)) = {Dai(a,dy(k)dys(i));i =1,...,n;0 # k}
Dx (e, =dg(k)) = {Daile, =dg (k)ds(i));i = 1,...,n;i # k}

3 EXTENDING CRISP
FUNCTIONS TO FUZZY
NUMBERS

Let y = f(X) be a crisp function with the character-
istics indicated in definition 2. Suppose we want to
extend it to fuzzy numbers; that is, we want to find a
function that allows us to calculate y (or more exact-
ly, a fuzzy number representing y) when we represen-
t the n arguments of f(X) using the fuzzy numbers
A1, Ay, ..., Ay,. Due to the continuity of f(X), we can
extend the function y = f(X) to fuzzy numbers using
the Extension Principle with the a-cuts as follows:

Ya = f(Ala;AZCm .. -;Ana)

The above expression implies that an a-cut of y is the
set of all the values obtained when all the possible
values of x; belonging to the respective a- cuts of the
input variables are used as arguments of f(X). As
f(X) is monotonically increasing or decreasing with
all its arguments, and since the a- cuts of the input
variables are closed intervals, then y, is also a closed
interval whose extremes can be calculated using (3),
according to definition 3.

Ya = [[(Dx (@, dy)), f(Dx (o, =dy))] (3)

As stated in definition 3, L, («) is increasing and R, ()
is decreasing; furthermore L,; < Ry;. Due to the con-
tinuity of f(z) then the conditions in (1) are satisfied,
and y, represents a fuzzy number. If we have a discrete
representation as proposed in 2.1, then the algorithm
1 is used to extend y = f(X) to fuzzy numbers.

Algorithm 1
1|Fora;,j=12,...,p
calculate yo, using (3)

4 EXTENDING CRISP INVERSE
FUNCTIONS TO FUZZY
NUMBERS

Taking the same conditions as in section 3, sup-
pose that we now want to extend the crisp in-
verse function z, = f, '(y,Xy) , with X =
{x1,%2,...,Tt—1,Tpt1,-..,2Tn} which calculates the
value of the input variable z; when we know the out-
put y and the other input variables x;. The solution
to this problem may have at least two different ap-
proaches when each variable is represented by a fuzzy
number:

e We want to know which values the variable xy
could take if we know the values of y, X} . In



this paper, this approach will be called the possi-
ble extension of the inverse function, and will be
denoted by z}°°.

e We want to know which values the variable xy
must take in order to ensure that the output vari-
able y takes certain predetermined values, when
we know the values of the other input variables
zr - In this paper, this approach will be called
the necessary extension of the inverse function,
and will be denoted by z7°°.

4.1 POSSIBLE EXTENSION

The procedure used to obtain the possible extension
consists in considering the crisp inverse function xj =
fk_l(y,Xk) as a direct function, and extending it us-
ing the procedure described in section 3. If we take
into account how zj varies with regard to the oth-
er variables we can write an equation (4) to calculate

7 ().
2" () [La}™ (), Ra}’ (a)] (4)
Lep(a) = fi'(Dy(a, df( ), Dxi(ct, —dyy))
R} (a) = fi'(Dy(a,—ds(k)), Dxi(a,dyr))

On account of having extended the crisp function
fe ! to fuzzy numbers using the procedure of section
3, 28”*(a) represents a fuzzy number; Dy («a,ds(k)),
Dxp(o,dysr) and Dxg(a, —dygy) allow us to write in
shorthand if z; decreases or increases when the other
variables increase.

If we have a discrete representation as proposed in
2.1, then the algorithm 2 is used to make a possible
extension of xj, = fk_l(y, X}) to fuzzy numbers:

Algorithm 2
1| Foraj,j=12,...,p
calculate 1% (a;) using (4)

4.2 NECESSARY EXTENSION

The procedure used to obtain the necessary extension
consists in calculating the extremes of every a-cut of
zy, using z, = f;'(y, Xg) with the most restrictive
extremes of the a-cuts of y and X;. The expression
used to calculate 27°°(a) is (5).

oy (@) = [Lap(a), Rep™(a)] (5)
Lap®(a) = fi'(Dy(a,dg(k)), Dxi(a, dsr))
Rzp*(a) = f,'(Dy(e,~dys(k)), Dxr(e, —dyr))

However, we cannot ensure that Lzp®(a) will al-
ways be monotonically increasing, nor that Rx}°°(c)
will always be monotonically decreasing, nor that
Lzj*(a) < Rx}*°(a) for every «, and as a result, (5)

will not generally represent a fuzzy number. Only for
certain fuzzy numbers Y will we have a fuzzy number
represented by z7°“(a) in (5). The reason for this is
explained in the following example:

Algorithm 3

1| Fora,=1

- calculate Lz¢(ap), Rzi¢(ap) using (5)

- if La}*?(ap) > Rx}°°(ap) then
widen the a-cut Yoy, = [Ly(a;), Ry(a)p)]
in the left and right sides until we get
anew a-cut Y a, = [L;/(ap) Rfy(a)p)]
such that Lz} (o) < Rz (ap)

2| Foraj,j=p—1,p—2,...,1
- if Ly(ay) > Ly(ajﬂ) let Ly(aj) = Lyl(ajﬂ)
-if Ry(oy) < Ry (ajt1) let Ry(ay) = R, (jt1)

3| Foro;,j=p—-1,p-2,...,1

- calculate Lz}*“(q), using (5)

- if La:fec(a]) > L (aj41) then
calculate y? as follows:
ya = f(Dx(aj,dy))
Dx(aj,dy) = {DX(an:df(i)df(k)

|i=1,2,...,n}
at = { Q if ¢ 7é k
Jr Qg ifi=k
- if d¢(k) = 1 then widen
the a-cut Yo, = [Ly(e; ), Ry(a);)]
in the left side transforming it into
the new a-cut Y o = [y, Ry ();)]
- if df(k) = —1 then widen
the a-cut Yo = [Ly(o;), Ry(a);)]
in the right side transforming it into
the new a-cut Y o; = [Ly(a;), ]

4 | Foraj,j=p—1,p—2,...,1

- calculate Rz}*“(a;), using (5)

- if Ral*(aj) < Lz®(ajt1) then
calculate y? as follows:

yZ—f(Dx( ;—dy))
Dx(aj —df)—|{DX( i df(}')df(k)
1=1,2,...,n

- if df(k) = —1 then widen
the a-cut Yo = [Ly(o;), Ry(a);)]
in the left side transforming it into
the new a-cut Y o = [y, Ry (),)]
- if d¢(k) = 1 then widen
the a-cut Yo, = [Ly(e; ), Ry(a);)]
in the right side transforming it into

the new a-cut Y o; = [Ly(a;), ]

Let us suppose that the
fuzzy numbers Ay, ... Ag—1, Ag+1,. .. A, represent the
numerical values of the variables z1,...,x, and that
each has a trapezoidal shape, and also that the fuzzy
number Y represents the output variable y and has a
singleton shape. We want to obtain z}1°(c): in other



words, we want to obtain a fuzzy number A (whose
a-cuts are °°(a) ) so that it ensures that the output
will be a singleton, when the other input variables are
trapezoidal ones. Obviously such a fuzzy number can-
not be found, because the uncertainty included in the

trapezoidal numbers cannot “just disappear”.

To solve this problem, we propose algorithm 3, that
verifies whether the fuzzy number Y is a coherent val-
ue with the uncertainties of the input variables Xj. If
it is not, then the algorithm modifies the fuzzy num-
ber Y adding uncertainty (by widening its a-cuts) in
a convenient way, so that we can ensure that ¥ and
z3°°(a) will be fuzzy numbers. (Steps 2, 3 and 4 may
be followed in the same iteration cycle)

4.3 FAMILY OF INTERMEDIATE
EXTENSIONS

By comparing equations (4) and (5), it can be ob-
served that the main difference between the possible
and necessary extensions lies in the selection of the a-
cut extreme of every variable in X}, used to calculate
z;”* (a) or z7°°(cr). This allows us to define intermedi-
ate extensions using intermediate values of the a-cuts,
by using a parameter r (0 < r < 1). The possible
extension will be associated with a value of r =0 and
the necessary solution with r = 1. The intermediate
extensions is called i (a,r) and is calculated using a
linear interpolation of the values used in (4) and (5) in-
side the algorithm 3. It is important to emphasize that
possible extension always exists but that necessary ex-
tension does not. When necessary extension does not
exist, there must be a threshold value of r, for example
ro, so that if r < r, then extension exists; r, can then
be used to measure the existence of a solution to the
problem of extending the inverse function.

5 EXAMPLE

In the following example we will consider the crisp
function y = f(z1,z2) = g defined for strictly pos-
itive real numbers xq,r2,y, and their inverse func-
tion z; = ffl(y,a:2) = /yx2 If y, x> are represent-
ed by trapezoidal fuzzy numbers y = T(1,1,1,1) ,
xz2 = T(0.5,0.9,1.1,1.5) then the values of z; can be
obtained using the family of intermediate extensions
of f; *(y,x2) . The result is shown in figure 1, but y
has been modified as is shown in figure 2. Note in this
example how the uncertainty of z1,r2, changes when
r changes. Note also that in this example the thresh-
old of existence of an extension is r, = 0.5, because
if r takes a value larger than 0.5 the algorithm has to
modify y in order to obtain a solution.

Figure 1: z5 in example 1

! air=00 f)r=05
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cyr=02 hr=07
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g Kr=10
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0
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Figure 2: y in example 1

6 CONCLUSIONS AND REMARKS

In this paper we have presented some algorithms to
extend crisp functions and their inverse functions to
fuzzy numbers. The type of functions dealt with
here are continuous functions monotonically increas-
ing with some of their arguments, and monotonically
decreasing with the others. We have also proposed
some different solutions to the problem of extending
crisp inverse functions: first, we proposed the possible
and the necessary extensions, and then we proposed
a family of intermediate extensions that varies slowly
between the first two. Although some of the exten-
sions may not exist, the algorithms proposed ensure
that a solution is found, by conveniently modifying
the condition of the problem.
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