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Summary

We consider the aggregation operators which
are @-additive for commonotone functions.
The main result is that any operator is ex-
pressed by a kind of general fuzzy inte-
gral which uses a family of fuzzy measures
connected by a @-additive Cauchy’s equa-
tions. In particular, the family of fuzzy mea-
sures can be obtained by a @-fitting pseudo-
multiplication. In this case, the aggregation
operator is exactely expressed by a general
fuzzy integral [1].
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1 INTRODUCTION

Let © be an abstract space, A a o-algebra of subsets
of 2 and F the family of all A-measurable functions
f:Q—[0,F], with 0 < F' < +o00. A chain My D A
is associated to any f € F: it is constituted by the
sets

Ci(z) ={we | fw) >z} xz €[0,F].

We suppose that the interval [0, F| has a structure of
I-semigroup defined by means of a pseudo-addition &.

The binary operation @ [0,F]? — [0,F] is
called pseudo-addition if it is commutative, associa-
tive, monotone non decreasing, continuous, and if 0 is
its neutral element.

The structure of the pseudo-additions is known; see
[7] or [1] for the general form of the operation ®. We
shall use, as well, a pseudo-difference defined for a < b
by

boa=inf{x €[0,F]|a®x=10}.

The family F of the measurable functions is generated
by the set B of the basic functions. For any a € [0, F)
and A € A, a basic function b(a, A) is defined by:

a fweAd

bla, w) = { 0 ifwé A 1)

An element s of F is called simple function if its range
is finite. The simple functions have several represen-
tations by means of basic functions. The well-known
classical one is:

n

s= \/ bla;, A;) (2)

i=1

with 4; NA; = ¢ fori # jand 0 < a1 < ax <
... < ay,. Moreover, any simple function admits many
®-step representations:

5= @ b(ei, Cy) (3)

with C7 2 Cy D ... D C,,. The standard ®-step
representation is obtained from (2) assuming m = n
and:

€1 =0a1, C=0a2001,...,Cp = 0p O Ap—1

Ci:UAj:{w€Q|s(w)>ai}.

j=1

The standard @®-step representation is minimal for the
number of steps and for the heigt of the single steps.

Let S be the set of all simple functions, we put

Sp={seS|s< f}

For every f € F it is:

flw) = sup{s(w) | s € S} (4)

because every f € F is the limit of a increasing se-
quence of simple functions ([5] Ch. IV)



It is useful to recall the definition of commonotony for
functions [4]. Any function f : Q — R introduces on
Q) a semi-order relation:

w1 <f Wy < f(wl) < f(WQ).

The functions f and g are called commonotone (f ~
g) if the two corresponding semi-order are non-
contradictory, i.e., there exists no pair wi, wy in
such that wy <y ws and wy <4 wy.

We remark that the @-step representation of a sim-
ple function is built adding commonotone functions.
Therefore, the @-step representation is called @-
commonotone additive representation too.

2 AGGREGATION OPERATORS

We shall consider the commonotone aggregation oper-
ators, i.e., the functionals L : F — [0, F] satisfying the
following properties:

(L1) flw) < fl(w) = L(f) < L(f)
(monotonicity)
(L2)  flw)=c YweQ=L(f)=c
(idempotence)
(L3) fa 1 f = L(fn) T L(f)
(continuity from below)
(L4) fi~fa= L(f1® f2) = L(f1) ® L(f2)

(commonotone @-additivity).

The properties (L1), (L2), (L3) seem us to be natu-
ral for the aggregation operators ([6], [8], [9]) because
they are evaluation models or averaging operations.
The commonotone @-additivity fits the operators to
the structure of the semigroup acting on the range of
values that shall be aggregated.

For these operators we shall recognize that they are
completely determined by their values on the set B,
i.e., by the function

l(a, A) = Lb(a, A)]. (5)

2.1. LEMMA. Given a commonotone aggregation op-
erator L, for any a €)0,F] the map p, : A — [0, F)
defined by

a(A) = 0(a, A) (6)

is a fuzzy measure continuous from below, with
1a(§2) = a.

2.2. LEMMA. For any @-step representation (3) of a
given simple function s it holds

m

L(s) = @ (i, C) .- (7)

i=1

2.3. LEMMA. For every f € F it is:

L(f) = sup{L(s) | s € Ss}. (8)

The lemmas above are direct consequences of [(L1)-
(L4)]; they show that the family of fuzzy measures
{1a | @ €]0, F]} is associated in biunivocal way to the
corresponding operator.

2.4. PROPOSITION. The family {pa}, associated to
a commonotone aggregation operator, satisfies the fol-
lowing properties:

(F1) o = A — [0, F is a fuzzy measure
continuous from below ¥ a €]0, F].

(F2) e () =a VYa €0, F]

(F3) a<b= p, <

(F4) Hagb = ta ® s Ya,b €0, F).

The last property is a link between the measures of
every element A € A. It is expressed by a ®-additive
Cauchy’s generalised equation [3].

3 CONSTRUCTION OF
COMMONOTONE
AGGREGATION OPERATORS

The properties of {u,} , seen in proposition 2.4, are
characteristic of the families of fuzzy measures which
correspond to the commonotone @-additive operators.
This is shown by the following

3.1. THEOREM. One commonotone aggregation oper-
ator enjoing [(L1)-(L4)] is associated to every family
of fuzzy measures satisfying [(F1)-(F4)].

The proof of this theorem is laborious but it uses
of a quite natural course inspired by the lemmas 2.2
and 2.3. Now we show the line of the demonstration
enouncing some lemmas. The proofs of these lemmas
are similar to those used in [1] for the construction of
the integral with respect to a general fuzzy measure.



Let {uq} be a family of fuzzy measures satisfying [(F1)-
(F4)].

3.2. LEMMA For every simple function s the espres-
ston

L(s) = P 1, (Cy) (9)
=1

has the same value for every its &-step representation.

Therefore the expression (9) can be taken as definition
of a functional on the set S.

3.3. LEMMA. The functional (9) is non decreasing,
continuous from below and ®-additive.

3.4. LEMMA. For every f € F the expression (8)
with L(s) given by (9) defines an aggregation operator
satisfying the properties [(L1)-(L4)].

We end the proof of the theorem 3.1 remarking that
the construction given by the lemmas 3.2 and 3.4 is
the only possible. Every commonotone aggregation
operator is a kind of fuzzy general integral built from
a suitable family of fuzzy measures.

4 AGGREGATION OPERATORS
AS GENERAL INTEGRALS

We can construct a family {u,} from a given fuzzy
measure m by means of a pseudo-multiplication.

Let & be a given pseudo-addition on [0, F]. A bi-
nary operation @: [0, F] x [0, M] — [0, F] is called a
@-fitting pseudo-multiplication [1] if the following
properties are satisfied:

(M1) a<d,v<vV=aGv<d o
(monotonicity)
(M2) a®0=00r=20
(zero element)
(M3) (supay) ® (sup vpm) = sup(a, © Vi)
(left continuity)
(M4) (aeb)ov=(a0v)d(boOv)

(left distributivity).

Let m: A — [0,M] (0 < M < +00) be a fuzzy mea-
sure continuous from below, we assume:

ta(A) =a©m(A) (10)

4.1. PROPOSITION. If m(Q) is right unitary element
for the pseudo-multiplication, the family (10) of fuzzy
measures satisfies the properties [(F1)-(F4)].

The corresponding operators is the general integral [2],

1],
53]
L(f)z/ fodn. (11)

We have the integral form for the aggregation opera-
tor if one of the fuzzy measures in the family {u,} is
discriminant in camparison with the others.

4.2. DEFINITION The fuzzy measure p is discriminant
in the family {p.} if

(A) = p(A") = pe(A) = pe(A’) Veelo, Fl.

4.3. PROPOSITION. If there exists a value u €]0, F]
such that the corresponding fuzzy measure b, is dis-
criminant in the family {uq.}, then there exists a
@-fitting pseudo-multiplication so that

fe(A) = c© pyu(A4). (12)
and the expression (11) holds, with m = p,,.

PROOF. From the definition 4.2, p.(A) is a function
of ¢ and A, which depends, realy, from ¢ and g, (A):

te(A) = ple, pu(A)].

The operation © is defined by putting

0Om=20
Ye#0.

cOm=ple,m]

The pseudo-multiplication satisfies the properties
[(M1)-(M4)] and it has u as unit left element, because

u® iy (A) = @lu, oy (A)] = pu(A) .
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