LOCAL DIVERGENCE MEASURES ON INFINITE
REFERENTIALS

Jorge Jiménez
Dept. of Mathematics
University of Oviedo
meana@etsiig.uniovi.es

Summary

The aim of this work is to define and to cha-
racterize the local divergence measures when
working with infinite referentials , that is,
those measures which allow us to study the
degree of similarity between two fuzzy sets
which are decomposables. Once this concept
is characterized with several different defini-
tions, some of their properties are studied
and some examples are presented.
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1 INTRODUCTION

In several previous papers ([6], [7], ...), it emerged a
new form to quantify the degree of difference between
two fuzzy subsets within any referential €2 from a func-
tion, which will be defined below, and it will be ca-
lled divergence measure, which has as particular cases
the customary distances between fuzzy sets already
known. This new concept emerged in a sense as an
extension of the classic probabilistic divergence mea-
sures (8], ...), taking advantage of the strong relations-
hip existing between some concepts of the Information
Theory and the Fuzzy sets Theory as, for example, the
probabilistic entropy of Shannon ([9]) and the non-
probabilistic entropy of De Luca & Termini (|2]).

Once the definition of divergence measure was given,
special emphasis was made on the study of the defined
divergences on finite spaces which could be decompo-
sed as the sum of the value of a function in each point
of the referential . The extension of all this theory
to numerable referentials was a simple exercise, but
not thus the extension to no numerable infinite spa-
ces, which will go through the measure spaces’ study,
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and where the proofs, though they could seem a simple
generalization, need an analytical rigor that will make
them considerably more complex. This is precisely the
study made in this paper, in which we find a Section
2 that presents the measure definition of local diver-
gence for a non-numerable infinite referential and are
studied several related results; in Section 3 we study
some interesting properties of the measures defined in
the previous section, these properties, as well as all
the results of the Section 2, do not include the proofs
which are sometimes very long, but we simply make
some short commentaries on the most relevant parts.
Finally, in Section 4, possible applications and future
projects related to this one are commented.

2 LOCAL DIVERGENCE
MEASURES

The measure of the difference of two fuzzy subsets is
defined axiomatically on the basis of the following na-
tural properties:

e It is a non-negative and symmetric function of the
two fuzzy subsets to be compared.

e It becomes zero when the two sets coincide.

e [t decreases as the two subsets become “more simi-
lar” in some sense.

Whereas it is easy to formulate analytically the first
and the second condition, the third one depends on
the formalization of the concept of “more similar”. We
base our approach on the fact that if we add (in the
sense of union) a subset C' to both fuzzy subsets A
and B , we obtain two subsets which are closer to each
other; the same happens with the intersection.

Before giving the divergence measure definition, we
need to include a previous lemma, for this definition
to make sense.

Lemma 2.1 Let (Q,.A) be a measure space, where §)
is any set and A is a o-field of crisp sets of (1, and let
P() be the set of all the fuzzy subsets of ), then the



set A" defined by

A = {A € P(Q)/ the membership function of A,
A (Q,A) — ([0,1],8) is a measurable function}

is a o-field over €.

Proof. The proof is a consequence of the fact that the
Borel’s o-field () is generated by the real intervals,
A is a o-field and that the definitions of union and
intersection which we use, are the maximum and the
minimum considered by Zadeh. |

So we propose the following

Definition 2.2 Let € the universe under study, and
let A be a o-field defined on ) (we can consider in
particular the family of the fuzzy subset of Q, that is,
P(Q). Amap D : A" x A — IR is a divergence
measure if and only ifvg, Be A*, satisfies the follo-
wing conditions:

1. D(A, B) = D(B, A);

2. D(A, A) =0;

3. max{D(A U C,B U C),D(ANC,BNC)} <
D(A, B),YC € A*

According to this definition, if we consider only the
case where (2 is finite, since the couples (A, B), (A U
{z;}, B U {z;}) only differ in the i*" element, it se-
ems natural to suppose that the variation of divergence
only depends on what has been changed, and accor-
ding to this, it is said that a divergence measure on
a finite space is local, if and only if, YA, B € P()
and Vz; € Q we have that D(A, B) — D(AU {z;}, BU
{z;}) = h(A(z;), B(z;)). To extend this definition to
the general case we need the following result:

Lemma 2.3 Let (2, A) be a measurable space, and
P(Q) the set formed by all the crisp subsets of ), then
we have that P(Q) NA" = A, that is, all the elements
of the o-field belong to A", all the crisp elements of
A* belong to A.

Proof. The proof is followed from the fact that, A
is a o-field and that the inverse image of the intervals
(—00, 2] by the membership function of a crisp subset,
A is either the empty set, or Q, or AY. |

From now on, we will consider the measure space
(Q, A, 1) ([3]), where € is a infinite referential such
that 1(€2) < 00.The extension of the local divergence
measure to this kind of referentials can’t be made point
by point, so we have to extend this concept subset by
subset.Thus,

Definition 2.4 Let (2, A, 1) be a measure space. A
divergence measure D, is said to be local if and only if
there exists a function h : [0,1] x [0,1] — IR measu-
rable respect to the Borel’s o-fields such that

DA, B)— D(Auz, BUZ) — /Z h(A(w), B(w))du(w),

forall Z € A and for any A Yy Be A*, where [ denote
the Lebesgue-Stielges integral.

All the integrals which we calculate in the previous
definition are well defined by applying the lemmas 2.1
and 2.3.

Before going to the next result, we must see a previous
lemma which will be necessary for its proof.

Lemma 2.5 Let Abea Juzzy subset of Q such that
A(w) is constant for all w € ), then A is measurable
with regard to the o-field A*.

Proof. The proof is followed from the fact that the
inverse image of the intervals (—oo, z| by the members-
hip function of a crisp subset, A is either the empty
set, or €. |

The following statement characterizes the local diver-
gence measures.

Proposition 2.6 Let (2, A, i) be a measurable space.
Ifamap D: A" x A* — IR is a local divergence then
there exists a function h : [0, 1] x [0, 1] — IR such that

D(A, B) - / h(A(w), B(w))dp(w)

where

i) h(z,y) = h(y,x),Vo,y € [0,1];

ii) hix,z) = 0,Yz € [0, 1];

i) h(z,z) > max{h(z,y),h(y,2)},Vr,y,z € [0,1]
with r <y < z.

w) h is measurable.

Conversely, If D is a function defined by D(Z,E) =
Jo h(A(w), B(w))du(w) where h verify the four before
properties then h is a local divergence measure.

Proof. To prove the fist implication is necessary to
consider in Definition 2.4 Z = €2, and apply Lemma
2.5 together with the fact that u(2) < oo. we also
have to define the constant sets A(w) = z, B(w) = y
y C(w) = z for all w € Q and to consider that the
Lebesgue-Stielges integral is only defined for measura-
ble functions, with the aim to prove the four properties

of h.



In the converse proof we have to consider the fact that
the Lebesgue-Stielges integral of a positive measurable
function always exists, the properties of i, and the de-
composition of {2 in the five following disjoined subsets:
O = {w € Q/A(w) < Bw) < C(w) B(w) < Aw) <
Cw)}, Q2 = iw € QLA( w) < C( ) < B( )},
Q3 = {w ENQ/B(w)NS Clw) < ( )} Oy = {w €
Q/C(w) < A(w) < Bw)} vy Q5 = {w € Q/C(w) <
B(w) < A(w)}, which are measurable subsets, because
of being measurable a continuous function of measu-
rable functions. |

We can use the previous proposition to generate di-
vergence measures easily in infinite referentials. The
importance of this fact leads us to the searching of ot-
hers possible conditions for the function A, which will
be equivalent. So we have the following result

Corollary 2.7 Condition i) in Proposition 2.6 for
h can be replaced by h(-,y) is a function decreasing in
[0,y] and increasing in [y, 1].

Up to now, We have seen, a local divergence measure
based on the union with a crisp set. In the following
result, we are going to give an equivalent condition
based on the intersection with a crisp set.

Lemma 2.8 Let (9, A, ) be a measure space, if D is
a local divergence measure, then for all crisp subset Z
of Q it is verified that

D(AUZ,BUZ)=D(ANZ¢, BN Z°),VA,B € A*.

Proof. To prove this lemma is necessary to apply
the definition of local divergence measure to the sets
AN Z°and BN Z¢ with respect to Z. |

Proposition 2.9 Let (0, A, 1) be a measure space, if
D is a divergence measure, then D is local if and only if
there exists a measurable function h : [0,1] x [0,1] —
IR such that

D(A,B)— D(ANZ,BNZ) :/ h(A, B)dy,

VA, Be A" andVZ € P(Q).

Proof.
lemma and the definition of local divergence measure
applied to Z°. |

In the proof we have to use the previous

To end this section, we will enunciate a result which
will allow us to generate divergence measures from a
local divergence measure.

Proposition 2.10 Let D be a local divergence mea-
sure associated to a measurable function h, if ¢ :
IR — IR is a non-decreasing function and ¢(0) = 0,
then the maps Dy and D? are divergence measures,
and, besides, Dy is local, where

Das(f1 E) =

J; sb(h(ﬁ(w),ﬁ(w))du(w),
D*(A, B) Z .

¢ (Joo h(A(w),

Proof. To prove this proposition, we must take into
account that (¢ o h)~! is equal to either((—o0,2]) =
h™1((—o00,k1]) or hY((—o0, k1)) or h™1(IR), where
k1 = sup{k € IR/¢(k) < z}, and that any of these
three sets belong to the o-field A. |

3 PROPERTIES OF THE LOCAL
DIVERGENCE MEASURES

We will study several properties which are verified by
the local divergence measures. This properties relate
them to the fuzziness degree of the sets. Before stating
the different properties we must explain the notation.
A <« B will denote that couple of sets such that verify
|A(w) —1/2| > |B(w) —1/2|,Yw € Q, and A < B will
denote that couple of sets such that verify A(w) <
B(w) < 1/2 0 A(w) > B(w) >1/2,%w € Q.

Proposition 3.1 Let (Q, A 1) be a measure space,

and let Z, B be in A*. Given D, a divergence measure
with the local property, we have that

1. If A < B then D(A, A°) > D(B, B°).
2. D(Z,7°) = D(V,V°),YZ,V € P(Q).
3. D(A, A) < D(A, B) < D(Z,Z°),YZ € P().

4. 1If the function h which generales D satisfies that
h(z,e) = h(c(z),e),Yx € [0,1], where e is the
fixed point of complementary function ©, then
D(A, E.) = D(AS, E.), where E.(w) = e,Yw € Q.

5. Given A,B,C € A" such that for all w € Q
we have that either A( ) < B(w) < C( )
or A( ) > Bw) > C( ), then it is got that

D(A,C) > max{D(A, B), D(B,C)}.

6. If A < B then D(A, E) > D(B, E) where E is the

fuzzy set defined in property 4 when ¢(x) =1 — .

7. The function h which generales D, satisfies that
h(-,1/2) is symmetrical with regard to 1/2 if and
only if when A << B then D(A, E) > D(B, E).



8. The function h which generates D satisfies that
h(z,0) = h(1—x,1), Y € [0, 3], if and only if A <
< B implies that D(A, Np) < D(E,Ng), where
N7, Ny represent the nearest crisp set to A and

B , respectively.

9. If h(-,1/2) is symmetric with regard to 1/2, then
D(Z, E) = D(V, E),YZ,V € P(Q).

10. If A < B, we have that D(A,E) > D(B,E),
if and only if the function h associated with D

satisfies that h(-,1/2) is symmetric with regard to
1/2.

Proof. To prove the first property is necessary to de-
compose () into three disjoined sets in the adequate
way. These sets will be measurable by applying again
the following property “a continuous function compo-
sed with measurable functions is measurable.

In the second property, we get that the divergence bet-
ween a crisp set and its complementary is always cons-
tant and equal to h(1,0) - u(Q).

The third and fourth property are trivial by using the
monotony of h and the hypothesis of the respective
statements.

In the fifth one it is necessary to decompose again {)
in three measurable disjoined sets and to use the mo-
notony of h.

The sixth one is consequence of the previous one.

In the seventh one, we have to consider the set A defi-
ned by A(w) = z,Vw € Q which verifies that A <« A°
and A° <« Z, and we have to decompose 2 again in
the four adequate measurable and disjoined sets.

The eighth one is proved using the previous decompo-
sition of €2 and the monotony of the integral.

The ninth one is a particular case of the tenth one
which we can prove using the fuzzy set A(w) =z Vo €
Q and its complementary, the monotony and symme-
try of h. |

4 CONCLUSIONS AND OPEN
PROBLEMS

In this paper we have introduced and studied the con-
cept of local divergence measures defined on a infinite
referentials. Its importance lies on the fact that all
the applications of the local divergence measures can
now be used in the infinite case, which presents some
existence and integrability problems which are erased
when defining this kind of measures in a coherent way.

We have the following open problems: First, to study
the fuzziness measures on infinite referentials which ge-
nerate these divergence measures. This first problem,

has already been analysed and we obtain very satis-
factory results which allow us to generate some of the
already known fuzziness measures in the infinite case
(Minkowski ([5]), Knopfmacher ([4]), etc), and this will
be the target of a future paper.

Other immediate open problems will be the extension
of all the studies made in the finite referential case to
the infinite case.

As further purposes we have the composition of a pa-
rallel theory in the finite and infinite case of the studies
related to the divergence measures which we are ma-
king.
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