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Summary

The main result of this paper is generaliza-
tion of the classical theorem stating that ev-
ery submodel of a model of a fuzzy theory is
its model iff its axioms are universal formu-
las. Few consequences for the theory of fuzzy
algebras are also presented.
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1 INTRODUCTION

In this paper, we contribute to the model theory of
fuzzy logic in narrow sense. The main topic is to
demonstrate that analogues of the classical theorems
characterizing the relation beween the form of axioms
of a theory and the structure of the corresponding class
of its models can be proved also in fuzzy logic. Here,
we will prove theorem stating that every submodel of
a model of a fuzzy theory is its model iff its axioms
are universal formulas. Our insipration comes from
the book of C. C. Chang and H. J. Keisler [3].

2 PRELIMINARIES

In this paper, we will use the concepts and notation
of predicate fuzzy logic in narrow sense presented in
the book [7]. By .J, we denote a language containing
symbols for conjunction A, disjunction V, Lukasiewicz
conjunction &, Lukasiewicz disjunction V, implication
= and negation -. By F; we denote a set of all for-
mulas of J, T = (LAx, SAx, R) is a fuzzy theory where
LAx,SAx are logical and special axioms being evalu-
ated formulas @/ A where A € Fy and a € L is its eval-
uation (hece, axioms can be also considered as fuzzy
sets of formulas). The universal formula is a formula of
the form (Vz)--- A, i.e. all its quantifiers are universal
and stay in its begining.

The following extended order relation
a>*biff either b<1landa >b,ora=1andb=1

will be used below.

Theorem 1 (reduction for the consistency) Let
T be a fuzzy theory and I' C Fyr) a fuzzy set of
formulas. A fuzzy theory T' = T UT is contradictory
iff there are my,... ,m, and A;,..., A, € Supp(D)
such that

Th,~ATV . VAT

and o™ ®- - -®@am™ > 0 where ¢ >* =(ai"' @ - -®al™),
ay = F(Al), e, Ap = F(An)

By a model, we mean a “structure”. If D is a model
of some fuzzy theory then we always explicitly stress
this.

Fuzzy theories T7,T> are equivalent if one is an ex-
tension of the other one. This implies that 73,75
are equivalent iff for every formula A € F; we have
Ty F, Aiff T F, A. By the completeness, fuzzy theo-
ries are equivalent iff they have the same models.

A model D is a (fuzzy) submodel of D', in symbols
D cD,if DCD, fp= fp|D" holds for each
couple of functions fp, fpr assigned to the functional
symbol f € J and Pp = Pp/|D™ holds for each couple
of fuzzy relations Pp C D", Pp: C (D')" assigned to
the predicate symbol P € J. Furthermore, for each
pair of the constants u in D and «' in D' assigned to
a constant symbol u € J is u = u'.

Let us consider some model D. We extend the lan-
guage J into J(D) = JU{d | d € D}. Further-
more, let a formula A(z1,...,z,) € Fy and elements
di,...,d, € D be given. Then A, .. [di,...,dp]
is the instance of the formula A(zy,... ,z,), in which
all the free occurrences of the variables zq,...,z,
have been replaced by the corresponding constants
di,...,d, € J(D) being assigned to the elements



dy,...,d, € D, respectively. The model
Dp =(D,{d | d € D}).

is the expanded model of the language J(D).

Given a model Dp, a diagram Ap is a set of evaluated
formulas

Ap :{G/P(tl,...
Dp(P(t, ...

7tn)7_|a'/_lp(t17"' 7tn) |
,tn)) =a,P€Jt,... t, € Mv},

i.e. it is a set of evaluated closed atomic formulas and
their negations, where the evaluation is equal to the
truth degree of the respective formula in the expanded
model Dp.

There is also the compactness property, namely a fuzzy
theory T has model iff each its finite subtheory 7' C T'
has a model.

3 THEORIES PRESERVED UNDER
SUBMODELS

Lemma 1 Let T and T' be fuzzy theories in the same
language J. Then the following holds true: every
model D |=T' is a model D =T iff T' is an extension
of T.

Lemma 2 Let A C Fj be a set of evaluated formulas
such that A, B € Supp(A) implies AVB € Supp(A).
Let T be a fuzzy theory. Then the following is equiva-
lent.

(a) The fuzzy theory T is equivalent to a fuzzy theory
Tr with a fuzzy set of axioms T’ C A.

(b) Let D,E be models such that D |= T and for ev-
ery formula A € Supp(A), D(A) < E(A) implies
EET.

PROOF: (a)= (b): Let T be equivalent with Tp, T’ C
A. Let D, € be models fulfilling the condition of (b).
Since T is equivalent with Tr, D = Tr. However, if
A € Supp(A) and T +, A then, from the assumption,
a < D(A) < E(A), which implies that £ = Tt and due
to the equivalence with T, also £ ET.

(b)= (a): Put
P ={a/A|TH, A AecSupp(A)}.

We will show that D =T iff D = Tr.

The implication left-to-right immediately follows from
the definition of I'. To show the opposite implication,
let £ = Tr. We will construct a fuzzy set ¥ C Fy such

that T"U X is consistent. Then, by the completeness

theorem, there is a model D T UZE, ie. D ET.
We find it in such a way that for every A € Supp(A),
D(A) < £(A). By the assumption (b) we obtain & =
T UZX and, consequently, £ = T.

Put
¥ = {~b/=B | £(=B) = b, B € Supp(A)}.

Let T'U X be contradictory. By Theorem 1 there are
mi,...,my and 7By, ... 2B, € Supp(X) such that

T+, ~(=By)™V---V=(=B,)"" (1)

and (=b)™ ® --- ® (=by)™ > 0 where ¢ >*
=((mb1)™ @ - -- @ (—by,)™). Using the rules of fuzzy
logic, the formula in (1) is equivalent to the formula
C :=mB1V---Vm,B,. Then, by the definition of
I, the evaluated formula ¢/C € I'. Consequently, we
obtain

EC)=c >c>"  miby @+ D mpby,.

However, since £ is a model, we at the same time have
E(RC) = =(miby ® -+ ® mpby). This implies that
E(C®C) = @=(mibi®- - Dmpby) >* (M1 ®---®
Mpbp) ®—(m1by ®- - - ®myb,) = 0 — a contradiction.
Therefore, T'U ¥ is consistent and has a model D |=
TUX.

Finally, let A € Supp(A) and D(A) = a. We show
that D(A) < E(A). Let £(A) =b < a. Then £(-A) =
=b > —a,ie. 7b/=~A € ¥ and D(=A) = —a > —b since
D T UZX — a contradiction. O

We say that a fuzzy theory T is preserved under sub-
models if D C £ and £ |= T implies that D = T.

Theorem 2 A fuzzy theory T is preserved under sub-
models iff its special axioms are universal formulas.

PROOF: Let the special axioms of T be universal
formulas. To demonstrate the implication right-to-left,
we will suppose that A := (Vx)B is a universal axiom.
Let T ko A, D C € be models and € |=T. Then

a<E((Vx)B) = )\ £(Bule]) < \ E(Bile]) =
ecE e€D
= A\ D(B.[d)) = D((Vx)B). (2)
deD

This follows from the fact that £(B,[e]) = D(B[e])
holds for every e € D (from the definition of submodel
using induction for quantifier free formulas).

Conversely, let T be preserved under submodels. Put

U={A|AC € Fj|EA% C,C is universal}.



Let A, B € U be equivalent to universal formulas. Us-
ing theorem on prenex form it can be verified that
AV B is also equivalent to a universal formula, i.e.
AVB e U. Let A C U be a fuzzy set of formulas such
that @/A € A implies that @/C € A holds for every
formula C' € U such that = C' <> Aand @¢/A,0/B € A
implies @ ®b/AVB € A. From it follows that if
By,...,B, € Supp(A) then mB;V:--Vm,B, €
Supp(A) for every myq,... ,my > 1.

Let D =T and D(A) < E(A) for every A € Supp(A)
where D, £ are models. We want to demonstrate that

€ = T. Then by Lemma 2, this will follow that T is
equivalent to Tt for some I' C A.

Note that (analogously as in the proof of the analo-
gous classical theorem) £(B) < D(B) holds for every
existential formula B. Let Ag be a diagram of the
model £ and put 7' =T U A¢.

We will now consider a finite subset Supp(Ag,,) C
Supp(Ag) and

bl/BLacl...zm [61, - ’em], e
b”/Bn,zl...zm [el, ..

Since every instance

R em] S Ag’n.

(Bl,zl...acm[ela ce aem]/\ v '/\Bn,xl...mm [917 cee 7em])
= (321) - (Fom)(BL A~ A By)

is a tautology, we obtain

S(Bl,zl...zm [ely e )em] A
A Bn,xl...mm [ela cee 7em]) <
<E((Bx1) - @rm)(BiA---ABy)) <
<D((Fz1) - (Fzm)(B1 A --- AN By))
and since this inequality holds for every Ag,, we

conclude that D |= Ag, and, by the compactness,
D = Ag. From it follows that D = T".

Let Gg |E T' be a model (expanded by E).
Gg = T and we must show that £ C Gg.

Then

Because G = Ag and @/P,, . .. [er,...
—'a/—le17___7wm[e1, ...,en] € Ag for every closed
atomic formula Py,  ..[e1,...,ey], we obtain
Ge(P) = a and Gg(—~P) = —a. Consequently, for each
two fuzzy relations Pg, and Pg being interpretations
of the predicate symbol P in G¢ and &, respectively

Pg = Pg, |E™.

aem]:

We conclude that £ C Gg (remember that Ag is a
diagram of £). Since Gg = T then G |= T and since
T is preserved under submodels, also £ | T. From
Lemma 2 it follows that T is equivalent with Tt for
some I' C A. O

4 FUZZY ALGEBRAS

Theorem 2 proved in the previous section has some
consequences, which generalize properties of various
fuzzy algebras (e.g. fuzzy groups, lattices, modules,
etc.) discussed in the literature (see [1, 10, 11]).

Let us consider, e.g. the concept of fuzzy group intro-
duced alrady by A. Rosenfeld in [10]. A fuzzy group
is a fuzzy subset G C U of a group (U, o) such that

G(r) NG(y) < G(zoy)

G@)<G@ ), ayel.

It can be then proved, for example, that G is a fuzzy
group iff every a-cut G, is a group and also, that in-
tersection of fuzzy groups is a fuzzy group. We want
to demonstrate that these results are general and fol-
low from the properties of fuzzy logic and models in
it. The fuzzy model theory thus takes a similar role
in fuzzy mathematics as classical model theory has
in classical mathematics. Moreover, since fuzzy logic
(and its model theory) is a generalization of classi-
cal logic, this also demonstrates that generalizations
of classical results are often obvious consequence of
fuzzy model theory.

We will now define a fuzzy theory of fuzzy algebras. Its
language J consists of equality =, n,,-ary functional
symbols o1,...,0n, and a unary predicate predicate
symbol G. A fuzzy theory of fuzzy algebras has a set
of special axioms

1/4 (3)
1/(Vzy) - (Vo) (Glz1) A - AG(zy)) =
G(oj(z1,...,2n)), j=1,... ,m. (4)

Moreover, the equality symbol = is always interpreted
as sharp, i.e. every formula t = s is interpreted by
D(t =s) =1 in every model D.

The axiom (4) states that G represents a fuzzy set
which is closed with respect to the operation being in-
terpretation of o;. As consequence of Theorem 2, if all
axioms (3) are universal formulas then T is preserved
under submodels. We will demonstrate this below.

Let J = {o,G} (the equality symbol is not explic-
itly stressed). Then the fuzzy theory T with the only
closeness axiom

1/(v2)(Vy)(G(z) AG(y)) = G(zoy))  (5)
is the theory of fuzzy groupoids. Let
D= <D)07GD> ': T

(the interpretation of o in D is denoted by the same
symbol). Obviously, (D, o) is a classical groupoid. At



the same time, Gp C D is a fuzzy groupoid since it
fulfils the inequality

GD(dl)/\GD(dg)SGD(dlodg), di,ds € D

being interpretation of the closeness axiom (5) in D.
Since every a-cut Gp,, C D obviously also fulfils this
inequality, it is groupoid, as well. Let us put

Da :<Da;°7GD|Da>- (6)

It is a submodel of D and by Theorem 2, it is a fuzzy
groupoid. However, if we extend 7" by further axioms
(3), e.g. associativity, unit element, inverse operation,
etc., which are universal formulas, we obtain a fuzzy
theory of fuzzy algebra (fuzzy semigroup, group, etc.)
which is preserved under submodels. Consequently,
every model (6) is a fuzzy algebra.

Moreover, when omitting the closeness axioms (4), we
obtain classical theory of classical algebras. They are
classically preserved under submodels and thus, the
restricted models D!, = (D, o) are classical algebras.

Similarly, let D, £ be fuzzy algebras (models of a fuzzy
theory of fuzzy algebra). Then

DNE=(DNE,PpNPg,01|DNE,...,0i|DNE)

is a submodel of both D as well as £ and therefore, a
fuzzy algebra.

Another similar result is immedate: Let us extend the
language J by another unary predicate H, and let us
extend the fuzzy theory T to a fuzzy theory T' by
the closeness axioms for H so that its interpretation
Hp C D forms a fuzzy algebra as well. It can be easily

proved in T' that

T+ (V1) - (Vo) ((G(z1) A H(zp)) A - -

(G(Oj(mla"' 7mn)AH(Oj(m17"' )xn)))

Consequently, intersection of fuzzy algebras is a fuzzy
algebra.

5 CONCLUSION

In this paper, we have continued the fuzzy model the-
ory and proved generalization of the classical theorem
stating that every submodel of a model of a fuzzy the-
ory is its model iff its axioms are universal formulas.
This theorem has consequences for various develop-
ments in fuzzy mathematics where various presented
results become immediate consequence of it. We have
demonstrated this on the example of fuzzy groups but
this holds for all kinds of fuzzifications of classical alge-
bras. Therefore, when developing fuzzy mathematics,

more specific properties, which either have no counter-
pert, or have no sense in classical mathematics should
be searched.

It may be expected that also generalization of other
classical result stating that a fuzzy theory is pre-
served under unions of sequences of models iff it has
universally-existential axioms holds analogously true.
This will be the topic of another paper.
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