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Abstract
We address the issue of identifying various
classes of aggregation operators from empirical data, which also preserves the ordering
of the outputs. It is argued that the ordering of the outputs is more important than
the numerical values, however the usual data
fitting methods are only concerned with fitting the values. We will formulate preservation of the ordering problem as a standard
mathematical programming problem, solved
by standard numerical methods.
Keywords: Aggregation operators, preference ordering, decision making.
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Introduction

Construction of aggregation operators from empirical
data is very useful in practice, when a specific aggregation operator has to be chosen for a specific application. This work was pioneered in [25], where the
authors introduced γ-operators, a convex combination
of triangular norms and conorms. Identification of the
weights of arithmetic means and OWA operators from
the data was treated in [4, 10, 20, 21], identification of
the coefficients of fuzzy measures for Choquet integral
based aggregation was treated in [4,13,14], and identification of additive generators of t–norms, t–conorms,
uninorms and nullnorms was treated in [4, 5].
In all mentioned studies, the choice of parameters
was driven by how well an aggregation function predicted the observed input-output pairs, the data set
{(~xk , yk )}, k = 1, . . . K. The goodness of fit was measured by using the least squares criterion, or the least
absolute deviation criterion. In the first case the problem was set up as a standard quadratic programming
problem, and in the second case as a linear programming problem.
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However, in [16] it was argued that fitting the numerical outputs is not as important as preserving the ordering of the outputs. The empirical data usually comes
from human subjective evaluation, and people do not
reliably express their preference on a numerical scale.
In contrast, people are very good at ranking the alternatives. Therefore, the authors of [16] argued that
fitting methods should aim at preserving the order of
empirical output values. They showed that various
methods of fitting the numerical values do not preserve this ordering. However, a solution which does
preserve the ordering of the outputs has never been
spelled out.
The aim of this contribution is to show that preservation of outputs ordering can be achieved by a very
simple technique of adding K − 1 linear inequalities
to the least squares and least absolute deviation problems. Furthermore, in many cases, that cover all major
families of aggregation operators, the structure of the
resulting quadratic and linear programming problems
does not change, which allows one to apply standard
numerical optimization methods. We formulate the
resulting mathematical programming problems explicitly in these cases. Finally, we present a new formulation of the aggregation operator identification problem, in which a weighted combination of the numerical
fitness and ordering preservation criteria is optimized,
as well as its solution methods. This problem is particularly useful when the data is contaminated by noise.
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Fitting aggregation operators

Various methods of fitting parameters of an aggregation operator to the data are available [4, 10, 14, 16, 20,
21,25]. Given a data set {(~xk , yk )}, k = 1, . . . K, and a
class of aggregation operators parameterized by a vector w,
~ f (~x; w),
~ the mentioned methods minimize the
least squares (LS) criterion
K
X
k=1

(f (~xk ; w)
~ − yk )2

with respect to the parameters w,
~ subject to the
conditions that f is an aggregation operator, i.e., it
verifies at least the conditions of monotonicity and
f (~0; w)
~ = 0, f (~1; w)
~ = 1. Of course, other conditions
like symmetry, idempotency, existence of a neutral element, annihilator, etc., can also be added.
An alternative is to use the least absolute deviation
criterion (LDA) [7], i.e., minimize
K
X

|f (~xk ; w)
~ − yk |

k=1

with respect to the weights, subject to the same conditions. The use of LDA is less sensitive to outliers,
and importantly, in many cases it allows one to set up
an equivalent linear programming problem, which is
easily solved by the standard simplex algorithm, even
if the number of weights is very large (e.g., when identifying a fuzzy measure).

we obtain a system of linear inequalities, which does
not change the structure of the LS or LDA problem.
Pn
Let f (~x; w)
~ =< ~g (~x), w
~ > = i=1 wi gi (~x), ~g being
some basis functions. For example gi (~x) = xi for the
arithmetic means, gi (~x) = x(i) for an OWA operator1 .
Then the LS problem becomes
PK
Minimize
g (~xk ), w
~ > −yk )2 ,
(3)
k=1 (< ~
s.t. < ~g (~xk+1 ), w
~ > − < ~g (~xk ), w
~ > ≥ 0,
k = 1, . . . , K − 1,
other (linear) conditions on w.
~
Problem (3) is QP, which differs from the original LS
problem only by additional K − 1 linear constraints.
Consequently, standard methods of solution of QPs
can be employed. In the case of LDA problem, the
situation is similar, we have an additional set of linear
constraints, and if LDA was converted to LP, then the
additional constraints are directly transferred to the
LP problem. Thus by using the auxiliary variables
rk+ , rk− ≥ 0, such that rk+ + rk− = | < ~g (~xk ), w
~ > −yk |,
and rk+ − rk− =< ~g (~xk ), w
~ > −yk , we have an LP

If f depends on the weights w
~ linearly, which is the
case when f is an arithmetic mean, OWA, Choquet
integral, γ-operator and some other aggregation operators, then minimization of LS criterion becomes a
standard quadratic programming problem (QP), and
minimization of LDA criterion becomes a linear programming problem (LP) after introducing auxiliary
variables. Furthermore, linearization methods allow
one to set up QP or LP problems for quasi-arithmetic
means, generalized OWA and generalized Choquet integrals, see [4–6].

Minimize
s.t.

We note that all mentioned methods approximate, not
interpolate, the empirical values yk (except some special cases). Empirical data comes with errors, and it
is pointless to fit it exactly. If the data were interpolated, then of course the order of the outputs would
be preserved automatically. Thus our goal is to ensure
that the order is preserved during the solution to LS
or LDA problems.

The methods of solution to problems (3) and (4) are
well known, see [7, 18].
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In this section we will present explicit problem formulations for a number of popular families of aggregation
operators, in the case of LS fitting (Problem (3)). The
case of LDA (4) is treated very similarly.

Preservation of ordering

Without loss of generality, we assume that the outputs
are ordered as y1 ≤ y2 ≤ . . . ≤ yK (the data can
always be re-ordered in this way). The condition for
order preservation is
f (~xi ; w)
~ ≤ f (~xj ; w),
~ for all i < j.

(1)

Because the data set is ordered, this condition is implied by a simpler condition

4

+
k=1 rk

+ rk− ,
(4)
+
−
< ~g (~xk ), w
~ > −rk + rk = yk ,
k = 1, . . . , K,
< ~g (~xk+1 ), w
~ > − < ~g (~xk ), w
~ > ≥ 0,
k = 1, . . . , K − 1,
+ −
rk , rk ≥ 0, k = 1, . . . , K,
other (linear) conditions on w.
~

Special cases

4.1

Arithmetic means and OWA

Since gi (~x) = xi and we have constraints wi ≥ 0,
P
n
x,
i=1 wi = 1, n is the dimension of the input vector ~
Problem (3) translates into
PK
Minimize
xk , w
~ > − yk )2 ,
(5)
k=1 (< ~

f (~xi ; w)
~ ≤ f (~xi+1 ; w),
~ for all i = 1, . . . , K − 1. (2)
In general, this is a system of K − 1 nonlinear inequalities, which is very hard to solve. But in many interesting cases f depends on w
~ linearly, and in this case

PK

s.t.

1

< ~xk+1 − ~xk , w)
~ > ≥ 0,
k = 1, . . . , K − 1,
P
wi = 1, wi ≥ 0.

As usual, x(i) denotes the i-th largest component of ~x.

For
OWA
operators
[23],
let
~zk
=
(xk,(1) , xk,(2) , . . . , xk,(n) ) be the vector obtained from
~xk by arranging its components in non-increasing
order. Then LS problem translates into
PK
Minimize
zk , w
~ > − yk )2 ,
(6)
k=1 (< ~
s.t.
< ~zk+1 − ~zk , w)
~ > ≥ 0,
k = 1, . . . , K − 1,
P
wi = 1, wi ≥ 0.
For OWA operators, a frequent additional requirement
is preservation of a given measure of orness [10, 23],
which translates into an additional linear constraint
< ~a, w
~>
where ai =
user.
4.2

n−i
n−1 ,

= α,

and 0 ≤ α ≤ 1 is specified by the

Quasi-arithmetic means and generalized
OWA

Let h : [0, 1] → [−∞, ∞], be a given continuous strictly
monotone function. A quasi-arithmetic mean is the
function
n
X
−1
f (~x; w)
~ =h (
wi h(xi )).
i=1

This class includes geometric, harmonic, quadratic
means, power means and many others.
A generalized OWA operator (also called Ordered
Weighted Quasi-Arithmetic means (OWQA) in [8]) is
the function
n
X
f (~x; w)
~ = h−1 (
wi h(zi )),
i=1

where ~z = (x(1) , . . . , x(n) ).
Fitting the weights of quasi-arithmetic means and generalized OWA is done by linearizing inputs and outputs, i.e., solving
PK
Minimize
xk ), w
~ > − h(yk ))2 , (7)
k=1 (< h(~
s.t.
< h(~xk+1 ) − h(~xk ), w)
~ > ≥ 0,
k = 1, . . . , K − 1,
P
wi = 1, wi ≥ 0,
where h(~x) = (h(x1 ), . . . , h(xn )).
4.3

Choquet integrals

Let the set N be N = {1, 2, . . . , n}. A fuzzy measure is
a set function v : 2N → [0, 1] which is monotonic (i.e.
v(S) ≤ v(T ) whenever S ⊆ T ) and satisfies v(∅) =
0, v(N ) = 1. The discrete Choquet integral is defined

with respect to a fuzzy measure, and can be written
as [12]
Cv (~x) =

n
X
£
¤
x(i) − x(i−1) v(Hi ),

(8)

i=1

where x(0) = 0 by convention, and Hi = {(i), . . . , (n)}
is the subset of indices of n − i + 1 largest components
of ~x. Note that here x(i) denotes the i-th smallest
component of ~x. A fuzzy measure has 2n parameters,
two of which are fixed: v(∅) = 0, v(N ) = 1.
Let us represent Choquet integral as a dot product
n
< ~g (~x), ~v >, where ~v ∈ [0, 1]2 is the vector of coefficients of the fuzzy measure. It is convenient to use
the index j = 0, . . . , 2n − 1 whose binary representation corresponds to the characteristic vector of the set
J ⊆ N , ~c ∈ {0, 1}n defined by cn−i+1 = 1 if i ∈ J
and 0 otherwise. For example, let n = 5; for j = 101
(binary), ~c = (0, 0, 1, 0, 1) and vj = v({1, 3}). We
shall use letters K, J, etc., to denote subsets that correspond to indices k, j, etc.
Let us define the basis functions gj , j = 0, . . . , 2n − 1
as gj (~x) = max(0, min{xi }− max {xi }), where J ⊆ N
i∈J

i∈N \J

whose characteristic vector corresponds to the binary
representation of j. Then Cv (~x) =< ~g (~x), ~v >.
Now, identification of the coefficients of the fuzzy measure v becomes a QP,
PK
g (~xk ), ~v > − yk )2 ,
(9)
Minimize
k=1 (< ~
s.t.
< ~g (~xk+1 ) − ~g (~xk ), ~v > ≥ 0,
k = 1, . . . , K − 1,
v0 = 0, v2n −1 = 1,
vk − vj ≥ 0 for all k, j such that J ⊂ K.
This is a large scale (even for moderate n) QP with
a sparse matrix of constraints, and there are numerical methods that exploit such a sparse structure [11].
However when using LDA criterion, it becomes an LP
problem with a sparse matrix, which can be solved
efficiently for a very large number of parameters.
It is well known that for additive fuzzy measures Choquet integrals become arithmetic means, and for symmetric fuzzy measures, they become OWA operators.
To reduce the complexity of the problem, Grabisch
introduced k-additive fuzzy measures [12], in which
only combinations of at most k indices allow for interactions of variables. The condition of k-additivity is
translated into a set of additional linear equality constraints on the coefficients of fuzzy measure, and these
are readily included into QP or LP. Furthermore, the
same applies to various other indices, such as Shapley
index and its generalizations [12].
By applying a non-linear invertible transformation h

to the components of ~x, one obtains a generalized Choquet integral [8, 22]
Ã n
!
X£
¤
−1
Cvh (~x) = h
h(x(i) ) − h(x(i−1) ) v(Hi ) .
i=1

(10)
The coefficients of the fuzzy measure can be fitted by
linearizing, similarly to the case of quasi-arithmetic
means and generalized OWA operators (by applying h
to ~xk and to yk in (9)).
4.4

γ-operators

We consider a generalized version of γ-operators by
Zimmermann [24, 25], which are called T-S operators
in [19], defined as a linear or log-linear combination of
a t–norm T and t–conorm S,
f (~x) = γT (~x) + (1 − γ)S(~x),

method is based on representing f by means of a lin~ x), ~c >, where functions
ear combination f (~x) =< B(~
~ = B
~ 1 (x1 )B
~ 2 (x2 ) . . . B
~ n (xn ) are tensor products of
B
univariate B-splines with respect to each variable [9].
For explicit formulae we refer to [2–4]. For our discussion we only need to note that monotone tensor product splines are linear combinations of some well defined basis functions, and that the conditions of monotonicity translate into a system of linear inequalities on
spline coefficients. Thus fitting tensor-product splines
to the data involves a QP problem (or LP problem if
we use LDA criterion).
Preservation of the ordering of the outputs, as we
know, is an additional system of linear inequalities,
that does not change the structure of QP or LP, thus
the methods presented in [3, 4] can be applied with
only a minor modification.
4.6

γ ∈ [0, 1], or
f (~x) = T (~x)γ S(~x)1−γ .
A more general version is obtained by using an invertible strictly monotone function h
f (~x) = h−1 (γh(T (~x)) + (1 − γ)h(S(~x))) .
The linear and log-linear combinations are the special
cases corresponding to h = Id and h = log.
We consider the general case with an arbitrary strictly
monotone function h. For a fixed pair of t–norm and t–
conorm, the goal is to identify an unknown parameter
γ that fits the data best. This is done by using w1 =
γ, w2 = 1 − γ and writing
h−1 (f (~x)) = h−1 (w1 h(T (~x)) + w2 h(S(~x))) =
−1

h

K
P

n
X
T (~x) = h(−1) (
h(xi )),

(< ~g (~x), w
~ >),

(w1 h(T (~xk )) + w2 h(S(~xk )) − h(yk ))2 ,

k=1

s.t.

A method of fitting continuous Archimedean t–
norms/t–conorms to empirical data was presented in
[3–5]. It relies on fitting the additive generators, as
pointwise convergence of a sequence of additive generators is equivalence to uniform convergence of the corresponding t–norms/t–conorms [15, 17]. In this method
an additive generator is represented via a monotone
spline
~
h(t) =< B(t),
~c >,
~
where B(t)
is a vector of B-splines, and ~c is the vector of spline coefficients. The conditions of monotonicity of h are imposed through linear restrictions
on spline coefficients, and the additional conditions
h(0) = 1, h(0.5) = 1 also translate into linear equality
constraints 2 .
Since Archimedean t–norms satisfy

~g = (h(T ), h(S)), w1 + w2 = 1, w1 , w2 ≥ 0, and noticing that after linearization we obtain a QP problem
again. In this specific case we get
Minimize

Fitting additive generators of
t–norms/t–conorms

w1 (h(T (~xk+1 )) − h(T (~xk ))) +

(11)

w2 (h(S(~xk+1 )) − h(S(~xk ))) ≥ 0,
k = 1, . . . , K − 1,
w1 + w2 = 1, w1 , w2 ≥ 0.

i=1
(−1)

(h
denotes pseudoinverse), after linearization the
least squares criterion translates into
µ n
¶2
K
P
P
~
~
Minimize
< B(xkn ), ~c > − < B(yk ), ~c >
k=1

s.t.

linear restrictions on ~c.

General aggregation operators

A method of fitting general aggregation operators using tensor-product splines was proposed in [2, 3]. This

(12)

By rearranging the terms of the sum we get
µ · n
¸
¶2
K
P
P ~
~
Minimize
<
B(xkn ) − B(yk ) , ~c >
k=1

4.5

i=1

s.t.

i=1

linear restrictions on ~c.

(13)

2
The issue of asymptotic behaviour near t = 0 for strict
Archimedean t–norms is solved by using “well-founded”
generators [5, 15]

rk+ , rk− and qk = max{< ~g (~xk ) − ~g (~xk+1 ), w
~ >, 0} into

Next we add preservation of outputs ordering conditions, to obtain the following QP (note that the sign
of inequality has changed because h is decreasing)
Minimize
s.t.

k=1

µ · n
¸
¶2
P ~
~ k ) , ~c >
<
B(xkn ) − B(y
i=1
k=1
· n
¸
n
P
P ~
~ k,n ) , ~c > ≤ 0,
B(x
<
B(xk+1,n ) −

s.t.

K
P

i=1

i=1

linear restrictions on ~c.

K
P

Minimize

(14)

rk+ + rk− + P

K−1
P

qk
k=1
−rk+ + rk− = yk ,

(16)

< ~g (~xk ), w
~>
k = 1, . . . , K,
qk + < ~g (~xk+1 ) − ~g (~xk ), w
~ > ≥ 0,
k = 1, . . . , K − 1,
+ −
qk , rk , rk ≥ 0, k = 1, . . . , K,
other linear conditions on w.
~

For t–conorms we obtain a similar problem by duality. Furthermore, a very similar procedure works
for representable uninorms and nullnorms. An additional issue here is proper dealing with the neutral element/annihilator, and its identification from the data.
It was resolved in [3–5], and fortunately, preservation
of output ordering does not change the structure of
those methods either, it only adds K − 1 additional
linear constraints.

5

Balancing ordering and fitting
numerical values

In the preceding discussion we specified preservation of
the output orderings as hard constraints, enforced at
the expense of fitting to the data. Since empirical data
has an associated noise, it may be impossible to satisfy
all these constraints by using a specified class of aggregation operators. The system of constraints is said
to be inconsistent. In this section we discuss modifications of the above mentioned optimization problems,
that allow one to soften ordering constraints and balance them against fitting numerical data.
Consider a revised version of Problem (3).
K
P

Minimize

(< ~g (~xk ), w
~ > −yk )2 +

(15)

k=1

P

K−1
P

max{< ~g (~xk ) − ~g (~xk+1 ), w
~ >, 0},

k=1

other linear conditions on w.
~
Here P is the penalty parameter, for small values of
P we emphasize fitting the numerical data, while for
large values of P we emphasize preservation of ordering. Of course, the second sum may not be zero at the
optimum, which indicates inconsistency of constraints.
Unfortunately, Problem (15) is no longer a quadratic
programming problem, it is a nonsmooth but convex
optimization problem, and there are efficient numerical methods of its solution, e.g., [1]. However, for LDA
criterion, we can preserve the structure of LP, namely
we convert Problem (4), by using auxiliary variables

The special cases we considered in Section 4 allow such
an LP formulation, and we note that the dimension of
the problem increases only by K, which is not excessively large.

6

Conclusion

Fitting various families of aggregation operators to empirical data is useful for identifying the most suitable
aggregation operator in practical applications. It was
argued in [16] that preserving the ordering of the output values is more important than fitting actual numerical values, as human subjects — sources of such
data, are more consistent with ordering the alternatives than numerical values. The authors of [16] examined a number of classes of aggregation operators
and established that no class of that group preserved
the ordering of outputs. However they did not set
up a suitable optimization problem which would force
fitted aggregation operators to preserve the outputs
ordering.
In this contribution we developed a general mathematical programming problem which includes preservation of ordering as hard and soft constraints. In the
first case, unless the constraints are inconsistent, our
method guarantees that the ordering of the outputs is
preserved. In the second case, the ordering requirement is balanced against fitting the numerical values,
and a solution that minimizes discrepancy of the orderings is delivered.
We have presented specific problem formulations applicable to several broad and popular classes of aggregation operators, and in all cases kept the structure of
the optimization problem, either a quadratic or linear
programming problem. The advantage is that standard efficient methods of solution are applied.
Acknowledgement
This work was supported by the projects MTM20043175,
BFM2003-05308,
TIC2002-11942-E and
TIC2003-09001-C02-02 from Ministerio de Educación
y Ciencia, Spain, and PRIB-2004-9250, Govern de les
Illes Balears.

References
[1] A. Bagirov. A method for minimization of quasidifferentiable functions. Optimization Methods
and Software, 17:31–60, 2002.
[2] G. Beliakov. Shape preserving approximation using least squares splines. Approximation theory
and applications, 16:80–98, 2000.
[3] G. Beliakov. Monotone approximation of aggregation operators using least squares splines. Int. J.
of Uncertainty, Fuzziness and Knowledge-Based
Systems, 10:659–676, 2002.
[4] G. Beliakov. How to build aggregation operators
from data? Int. J. Intelligent Systems, 18:903–
923, 2003.
[5] G. Beliakov. Fitting triangular norms to empirical data. In P.E. Klement and R. Mesiar, editors,
Logical, Algebraic, Analytic, and Probabilistic Aspects of Triangular Norms, pages 255–265. Elsevier, New York, 2005.
[6] G. Beliakov. Learning weights in the generalized
OWA operators. Fuzzy Optimization and Decision Making, 4:119–130, 2005.
[7] P. Bloomfield and W.L. Steiger. Least Absolute
Deviations. Theory, Applications and Algorithms.
Birkhauser, Boston, Basel, Stuttgart, 1983.
[8] T. Calvo, A. Kolesarova, M. Komornikova, and
R. Mesiar. Aggregation operators: properties,
classes and construction methods. In T. Calvo,
G. Mayor, and R. Mesiar, editors, Aggregation
Operators. New Trends and Applications, pages
3–104. Physica-Verlag, Heidelberg, New York,
2002.
[9] P. Dierckx. Curve and Surface Fitting with
Splines. Clarendon press, Oxford, 1995.
[10] D. Filev and R. Yager. On the issue of obtaining
OWA operator weights. Fuzzy Sets and Systems,
94:157–169, 1998.
[11] E. M. Gertz and S. J. Wright. Object-oriented
software for quadratic programming. ACM Trans.
Math. Software, 29:58–81, 2003.
[12] M. Grabisch. k-order additive discrete fuzzy measures and their representation. Fuzzy Sets and
Systems, 92:167–189, 1997.
[13] M. Grabisch. The Choquet integral as a linear interpolator. In 10th Int. Conf. on Information Processing and Management of Uncertainty, pages
373–378, Perugia, Italy, 2004.

[14] M. Grabisch, H.T. Nguyen, and E.A. Walker.
Fundamentals of Uncertainty Calculi, with Applications to Fuzzy Inference. Kluwer, Dordrecht,
1995.
[15] S. Jenei. On Archimedian triangular norms. Fuzzy
Sets and Systems, 99:179–186, 1998.
[16] U. Kaymak and H.R. van Nauta Lemke. Selecting
an aggregation operator for fuzzy decision making. In 3rd IEEE Intl. Conf. on Fuzzy Systems,
volume 2, pages 1418–1422, 1994.
[17] E.P. Klement, R. Mesiar, and E. Pap. Triangular
Norms. Kluwer, Dordrecht, 2000.
[18] C. Lawson and R. Hanson. Solving Least Squares
Problems. SIAM, Philadelphia, 1995.
[19] A. Pradera, E. Trillas, and T. Calvo. A general
class of triangular norm-based aggregation operators: quasi-linear T-S operators. Intl. J. of Approximate Reasoning, 30:57–72, 2002.
[20] V. Torra. Learning weights for the quasi-weighted
means. IEEE Trans. on Fuzzy Syst., 10:653–666,
2002.
[21] V. Torra. OWA operators in data modeling and
reidentification. IEEE Trans. on Fuzzy Syst.,
12:652–660, 2004.
[22] R. Yager. Generalized OWA aggregation operators. Fuzzy Optimization and Decision Making,
3:93–107, 2004.
[23] R. Yager and J. Kacprzyk, editors. The Ordered
Weighted Averaging Operators. Theory and Applications. Kluwer, Boston, 1997.
[24] H.-J. Zimmermann. Fuzzy Set Theory - and its
Applications. Kluwer, Boston, 1996.
[25] H.-J. Zimmermann and P. Zysno. Latent connectives in human decision making. Fuzzy Sets and
Systems, 4:37–51, 1980.

