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Abstract
The aim of this paper is to build a formal
model for fuzzy unification in multi-adjoint
logic programs containing both a declar*
tive and a procedural part, and prove its
soundness and completeness. Our approach
is based on a general framework for logic
programming, which gives a formal model of
fuzzy logic programming extended by fuzzy
similarities and axioms of first-order logic
with equality.

Introduction
It is usual practice in mathematical logic for a formal model to have clearly defined its syntactical
part (which deals with proofs) and its semantical part (dealing with truth and/or satisfaction).
When applying logic to computer science, mainly
in logic programming, a different terminology is
used, and we speak about the declarative part of
the formal model (corresponding to truth and satisfaction) and the procedural part, more focused
on algorithmic aspect of finding proofs (automated deduction).
Unification is an important part of procedural semantics for many formal models, because it helps
to identify instantiations of different statements
(that is, to make them syntactically-letter by
letter-equal), and unified (that is, identical) statements can be handled identically. In the classical
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case, on the one hand, there was no need to specify the declarative and procedural parts of a formal
model of unification because on the declarative
part there was the requirement of being syntactically equal (and hence equal also from the point
of view of truth and satisfaction); on the other
hand, the procedural part of classical unification
is well developed, namely different unification algorithms. This is no longer case when considering
fuzzy unification, where both the declarative and
the procedural part of a formal model of fuzzy
unification are needed.
In this paper we stress the fact that, for fuzzy
unification, both a procedural and declarative semantics are needed, as opposed to the two valued
case.
Multi-adjoint ( M A ) logic programming
Our approach to fuzzy unification is based on a
theory of fuzzy logic programming with crisp unification constructed on the multi-adjoint framework recently introduced in [6, 71. We recall definitions of declarative and procedural semantics of
multi-adjoint logic programming and show how its soundness and completeness, and especially the
fixpoint theorem and the minimal model obtained
by the iteration of the immediate consequences
operator, can give a base for a sound and complete model of fuzzy unification. The fact that
this theory of fuzzy unification is developed inside the realm of fuzzy logic programming is very
important for later integration of fuzzy similaritybased unification and fuzzy logic programming deduction.
The intuition behind MA logic programs is as fol-

,

lows: Considering different implication operators,
such as Lukasiewicz, Godel or product implication
in the same logic program, naturally leads to the
allowance of several adjoint pairs in the lattice of
truth-values. This idea is used in [7] to introduce
MA logic programs as an extension of monotonic logic programs, presented in 12, 31 so that it is
possible to use a number of different implications
in the rules of our programs.
The semantics of generalized logic programs requires a notion of consequence (implication)
which satisfies a generalized modus ponens rule.
It is natural to look for a semantic basis as a common denominator of the residuated lattices and
fairly general conjunctors and their adjoints, as
used in [9]. The main point in the extension to
a more general setting, in which different implications (and several modus ponens-like inference
rules) are used, naturally leads to considering several adjoint pairs in the residuated lattice, leading
to what we call a multi-adjoint (semi)lattice.

Definition: Let (L, 5)be a complete upper semilattice. A multi-adjoint semilattice L is a tuple
(L, 5 , e l , &l, . . . , t n
&n)
, satisfying the following items:
(el) (L, 5) is bounded, i.e. it has bottom (I)
and
top (T) elements;

(e2)

&i) is an adjoint pair in (L, )
l,...,n;
(ti,

for i =

(e3) T & 6 = 29&iT = 6 f o r all 29 E L for i
1,...,n.

=

Note that residuated lattices are a special case of
multi-adjoint semilattice, in which the underlying
lattice has monoidal structure wrt @ and T , and
only one adjoint pair is present.

Syntax and Semantics of MA Programs
The definition of multi-adjoint logic program is
given, as usual in fuzzy logic programming, as
a set of weighted rules and facts of a given language 5. Notice that we are allowed to use different implications in our rules.

Definition: A multi-adjoint logic program is a
set P of rules of the form ((A t i B), 29) such that:

1. The rule (A t

i

B) is a formula of

5;

2. The confidence factor 29 is an element (a
truth-value) of L;
3. The head A is an atom;
4. The body B is a formula built from atoms
B1,. . . , Bn (n 2 0) by the use of conjunctors,
disjunctors, and aggregators.

5. Facts are rules with body T.
6. A query (or goal) is an atom intended as a
question ?A prompting the system.

Definition: An interpretation is a mapping from
the Herbrand base of the program to the multiadjoint semilattice of truth-values L. The set of
all interpretations of the formulas is denoted 12.
The ordering of the truth-values can be easily
extended to the set of interpretations.

Definition: Given an interpretation I E 1 2 , a
B, 29) is satisfied by I iff 29 3
weighted rule (A
i (A t i B), where for a given formula F we have

I(F)= inf (I(F6')I 6' is a ground substitution)
An interpretation I E Z2 is a model of a multiadjoint logic program P iff all weighted rules in P
are satisfied by I .
The immediate consequences operator, given by
van Emden and Kowalski, can be generalised to
the hamework of multi-adjoint logic programs as
follows:

Definition: Let P be a multi-adjoint logic program.
The immediate consequences operator
Ti:Z2 + 1 2 , mapping interpretations to interas
pretations, is defined by considering T:(I)(A)

As it is usual in the logic programming frame
work, the semantics of a multi-adjoint logic program is defined as the least-&point of T
.: In [7],
the monotonicity of ,T
: and its continuity (granted under continuity of all the operators in the
body) were proved in the propositional case.
These results about monotonicity and continuity
of T
: can be extended to first-order multi-adjoint
logic programs; therefore, the least &point of T;
can be obtained by at most countably many iterations of T
: from the least interpretation.

P r o c e d u r a l semantics
Once we know that the least model can be reached
in at most countably many iterations, it is worth
to define a procedural semantics which allows us
to actually construct the answer to a query for a
given program.
In the following, we will be working in a hybrid
language Se made up from the elements of the
lattice, and the same alphabet of the language
without the adjoint implicators.
We will refer to the formulas in the language Ze
simply as extended formulas, or e-formulas. An
operator symbol w interpreted under Ze will be
denoted as G.
Our computational model will take a query (an
atom), and will provide a lower bound of the value of A under any model of the program. Intuitively, the computation proceeds by, somehow,
substituting atoms by lower bounds of their truthvalue until, eventually, an extended formula with
no atom is obtained, which will be interpreted in
the multi-adjoint semilattice to get the computed
answer.
Given a program P, we define the following admissible rules for transforming any pair formed
by an e-formula and a substitution.
Definition: Admissible rules are the following,
for a pair (F, 8) and an atom A occurring in a
formula F, which we denote F[A]:
1. Substitute F[A] by (F[A/6&iB])Q1,and 8 by
8' o 8 whenever

(a) 8' is the mgu of C and A,
(b) there exists a rule ( C t i B , 6) in P,
2. Substitute A by I (just to cope with unsuccessful branches).

3. Substitute F[A] by (F[A/6])8' and 8 by 8'08
whenever
(a) 8' is the mgu of C and A
(b) there exists a fact ( C t i T , 6) in P
Note that if an e-formula turns out to have no
atoms, then it can be directly interpreted in the
multi-adjoint semilattice L. This justifies the definition of computed answer.

Definition: Let P be a program in a multiadjoint language interpreted on a multi-adjoint
semilattice L and let ?A be a goal. An element (@[rl,.. . ,rm],8), with ri E L, for all i E
(1, . . . ,m} is said to be a computed answer if there
is a sequence Go,. . . ,G,+1 such that
1. Go = (A, id) and Gn+l = (@[TI,. . . ,rm],8')
where 8 = 8' restricted to the variables of A
and ri E L for all i = 1 , . . . n.
2. Every Gi, for i = 1,.. . , n , is a pair of an
e-formula and a substitution.

3. Every Gi+1 is inferred from Gi by one of the
admissible rules.
Note that every computed answer is correct, this
is guaranteed by the properties of multi-adjoint
semilattice.
It might be the case that for some lattices it is
not possible to get the correct answer, for instance when we have a finite number of rules
A
Qi(D; ,..., D;+)fori = 1,..., k,andweare
working with a non-linear lattice of truth-values.

ai

ai

Q(D;, . . . , D:~) contributes
As any rule A
with the value iJi&i bi for the calculation of the
lower bound for the truth-value of A, we would
like to have the possibility of reaching the supremum of all the contributions, in the computational model, in a single step. The reductant property
is defined in [6]so that a single rule in the program
computes the supremum stated above (which is a
generalisation of the concept of reductant [5]):
The proof of the completeness theorem follows
from the fact that the least fix-point is also the
least model of a program.
T h e o r e m 1 Assume a MA program P with the
reductant property such that T; is continuous.
For every correct answer (A, 8) for a program P
and a query ?A, there exists a chain of elements
A, such that A 3 sup A,, such that for arbitrary
no there exists a computed answer (6,Q1)such that
A,, 3 6 and 8' is more general than 8.
Similarity-based unification
A lot of research has been done in the field of
unification based on similarities, for instance, [I]

starts from unification based on similarity to derive a logic programming system, thoroughly relying on similarity, one of its principal features being the allowance of flexible information retrieval
in deductive data bases. On the other hand, the
purpose of [lo] is to investigate the use of similarities as the basis for unification and resolution
in logic programming. As a result, a well-founded
semantical method to incorporate linguistic variables into logic programming is given.
The particular semantics given to our logic, based
on the multi-adjoint paradigm, enables one to
easily implement a version of fuzzy unification.
When extending arbitrary logic program by axioms of equality with truth-value T

Conclusions
We express properties of fuzzy similarities and axioms of fist-order calculus with equality as additional rules of our MA program P. Then the fixpoint theorem and minimal model iteration gives
a model of this extended theory. So similarity
based fuzzy unification is nothing else as what
the T{ operator does, closure of crisp unification
under similarity and equality axioms. And since
countably many iterations of T{ is also a model of this extended theory, we have a sound and
complete model of fuzzy unification.
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