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Abstract
We outline a method for measuring in an
efficient way an overall degree of similarity between different leaf-labelled trees.
In particular, we consider rooted trees,
either unordered or ordered and not necessarily carrying the same labels. The
trees to be compared are first represented in the form of matrices whose entries are in the interval [O,1] and the actual comparison strategy then relies on
a one-parameter class of fuzzy similarity
measures that are applied to the matrices. Various tests have been carried out
to compare the new method with existing ones and to measure its robustness
with regard to varying parameters.
Keywords: Similarity; Leaf-labelled
tree; Tree comparison.
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Similarity measures for ordinary
sets

The task of measuring similarity amounts to the
quantitative comparison of instances of a given
complex mathematical structure. It is often performed in a variety of disciplines such as numerical taxonomy, ecology, chemistry, information retrieval, psychology, citation analysis, automatic
classification: in fact, everywhere where the degree of similarity or dissimilarity between the objects under study plays a role.
A common method for comparing objects is to select an appropriate set of features and to create
for each object a binary string where a bit being
set on implies the presence of a particular feature.
A degree of similarity between two objects is then
obtained by directly using one of the many available measures for comparing binary strings. Binary strings can be represented by ordinary subsets in a finite universe X of dimension n (the
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feature-space), and the most frequently used similarity measures are the ones based on cardinalities of the sets involved. By far the most popular
of these similarity measures is known as Jaccard's
coefficient [5], which for given ordinary sets A and
B is defined as:

Clearly, this similarity measure, which is in terms
of strings the ratio between the count of the bits
on in both object A and object B and the count
of the bits on in objects A or B, is symmetric and
reflexive.
Another well-known symmetric and reflexive similarity measure is the so-called simple matching
coefficient [8], defined as:
SM(A,B ) =

#(AWC
n

Herein A denotes the symmetric difference and in
terms of binary strings this coefficient measures
the fraction of matching bits in objects A and B.
In a previous paper [I], we have derived a class
of 28 similarity measures for ordinary sets in the
form of a rational expression solely based on cardinalities of the sets involved. A survey of similarity measures for ordinary sets frequently used in
practice can be found in [7]. Here we only retain
(1) and (2) as they are prototypical for two major
classes of similarity measures: those which include
the double zeros and those not including double
zeros. Over the years there has been much discussion as to which type of measure to use. Here,
we do not want to add to that discussion and instead consider the following one-parameter family
of similarity measures:

where the parameter p can take any value in [0, 11.
With p varying from 0 to 1, the similarity mea-

sure S,, gradually moves from Jaccard's coefficient
towards the simple matching coefficient.
Let us remind that a similarity measure S is called
T-transitive if for any subsets A, B and C of the
universe X , it holds that:

In this definition, T is a t-norm, i.e. an increasing, commutative and associative binary operation on [O, 1.1 with as neutral element 1. The
four main t-norms are the minimum operator M,
the algebraic product P, the Lukasiewicz t-norm
W (defined by W(x, y) = max(x y - 1,O))
and the drastic product Z (defined by Z(x, 1) =
Z(1;x) = x and Z(x, y) = 0 elsewhere). Also, Mtransitivity implies P-transitivity, P-transitivity
implies W-transitivity and W-transitivity implies
Z-transitivity. Furthermore, following a convention from fuzzy set theory, a measure that is at the
same time reflexive, symmetric and T-transitive,
is called a T-equivalence [2].

+

It is well known that the minimum operator
M is the only idempotent t-norm and that Mequivalences are in one-to-one correspondence
with partition trees [lo]. Also, the t-norms P
and W are prototypical examples of continuous
Archimedean t-norms and P- and W-equivalences
are important in view of their correspondence to
pseudo-metrics on the underlying universe [2].
In [l]we have shown that Jaccard's coefficient (1)
and the simple matching coefficient (2) share the
same transitivity property. More precisely, they
are both W-equivalences, and it can be proven
that the same holds for any member S,, of the
family (3).
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(crisp) sets to their fuzzy counterpart, we need
fuzzification rules that define the cardinality of
fuzzy sets and translate the classical set operations.
In this paper, we define the cardinality of a fuzzy
set A as:

also known as the sigma-count of A [9]. Furthermore, we shall use the following fuzzification rules,
for any xi E X:

This set of rules is certainly not unique (for a more
general setting, see e.g. [3]), but it has the major
advantage that its application to the similarity
measures belonging to the family (3) preserves the
properties of reflexivity and transitivity.
Making use of the fuzzification rules (7), we can
define the following one-parameter family of fuzzy
similarity measures:
S,,(A, B) =

C min(ai, bi) + p ( n - C m ~ ( a ibi))
,
C max(ai, bi) + P ( n - C max(ai, bi))

(8)
It can be proven that for any p E [O,l], Sp is a Wequivalence. In particular, this is the case for the
fuzzified version of Jaccard's coefficient ( p = 0):

Fuzzy similarity measures

If instead of binary vectors we have to compare
vectors whose components can be scaled to the
real interval [O, 11, the need emerges to extend
the previous similarity measures for covering the
latter case. In fact, in the same way as binary
vectors are related to ordinary subsets of a finite universe X , vectors with components in [O,1]
can be related to fuzzy subsets of X. We will
reserve the term fuzzy similarity measure for reflexive and symmetric binary fuzzy relations on
3 ( X ) = [0, 1IX, whereas T-transitive fuzzy similarity measures, with T a t-norm, can still be
called T-equivalences.
Let A, B denote fuzzy sets in a finite universe X =
{xl, x2,. . . ,x,), and let
with ai, bi E [O,l] for i = 1,2,. .. ,n. If we want
to generalize the similarity measures for ordinary

and for the fuzzified version of the simple matching coefficient ( p = 1):
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Tree comparison

Fuzzy similarity measures serve as ready-made
tools for comparing finite vectors or matrices
whose elements take values in the interval [O, 11.
On the other hand, in many scientific fields there
is a need for methods to compare mathematical
objects that do not possess a direct representation
as an n-tuple. In systematic biology, for example,
many studies have been devoted to methods and
algorithms for comparing the branching structure of classification trees or dendrograms (see
e.g. [l11 and references therein). In particular,

'

Zhong et al. [ll]have developed a general comparison methodology for different leaf-labelled trees.
They use a similarity measure for ordinary sets,
to compare first pairs of subtrees (which are simply reduced to their respective leaf node sets) and
they further propose a so-called webbing matrix
method to calculate the overall similarity of two
leaf-labelled trees.
111 the present paper we propose a method based
on fuzzy similarity measures for comparing two
leaf-labelled trees by means of an overall similarity coefficient. We further assume that the tree
is an unordered rooted tree with internal nodes
possessing at least two children.

matrix T indexed by the ordered leaf labels. For
any X, Y E L, the element TX,yequals the weight
of the least common ancestor in the tree T of the
two leaf nodes with respective labels X and Y.
With any label that is not present in the tree, we
associate a row and column of all zeros in the matrix. Finally, we remark that the tree is nothing
but the partition tree associated with the matrix,
and therefore the matrix itself is M-transitive. In
Figure 1 the matrices corresponding to TI,T2 and
T3 are shown to the right of the trees.
An overall similarity coefficient between two trees
Ti and is obtained by first selecting a particular
fuzzy similarity measure s and then calculating
S(Ti,
where the matrices are interpreted as
fuzzy sets in the universe L2. For the previous example, we obtain with Jaccard's fuzzy similarity
measure (9), the overall similarities: So(T1,?2) =
25/36 = 0.694, S o ( ~ l , ~ =
3 ) 17/43 = 0.395,
and So(&, r f j ) = 23/46 = 0.500, results that
are in agreement with those obtained in [ll].
If, on the other hand, we use the fuzzy simple
matching coefficient (lo), we obtain: Sl (TI, F2) =
971108 = 0.898, ,!?l(?1'l,~3)
= 821108 = 0.759,
and Sl( ~ 2~, 3 =) 851108 = 0.787. For this small
test set of trees, the order of the global similarities
is independent of the choice of the fuzzy similarity measure within the family (3), but nonetheless
it is clear that Jaccard's measure yields a much
higher dispersion of the similarities.
The method described above can be extended for
comparing rooted leaf-labelled trees that are ordered (i.e. branches emerging at internal nodes
are ordered from left to right). First, we construct
the (symmetrical) companion matrix as if the tree
were unordered. Then, certain non-diagonal matrix elements acquire value 1 according to the following principle: for any X, Y E L, if from the
branches emerging at the common ancestor node
of X and Y, the one that contains leaf node X is
at the left of the one that contains leaf node Y,
then TX,Y = 1. Note that missing labels still correspond to a row and column of zeros solely. The
non-symmetrical companion matrix of a given ordered leaf-labelled tree is M-transitive and therefore equivalent to a hierarchical tree of Hassediagrams, or Hasse-tree [6]. The arrows in the
Hasse-diagrams are a graphical representation of
the left-right relationship between branches.
The abovementioned example alone provides no
decisive answer as to which fuzzy similarity measure to prefer for tree comparison. In an attempt
to discriminate between the fuzzy similarity measures from family (3) and to verify whether the
newly proposed method for tree comparison is sufficiently robust, an extensive series of tests has
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Figure 1: Three unordered trees to be compared
and their corresponding matrices.
First, we attribute weights to the nodes of a tree
as follows. Among all paths in the tree fiom the
root to a leaf node and passing through a given
node, we select a path with maximum length. If
that path has length q (i.e. contains q edges) and
the given node lies p edges away fiom the root,
the weight p/q is attributed to that node. Note
that the root has weight 0 and all the (labelled)
leaf nodes have weight 1. This procedure of attributing weights to tree nodes is illustrated in
Figure 1 on three example trees TI, T2,T3. It is
assumed that the common leaf node label set is
L = {A,B,C,D,E,F), though the leaf labelled F
is missing in TI. If we order the leaf node labels
in a uniform but otherwise arbitrary way (here
we choose the alphabetical order), we can unambiguously associate with any tree T a symmetric

been carried out.
In one of these tests, we considered the set of 26
different unordered leaf-labelled trees with four
leaf nodes, which according to their topology are
grouped into five classes. For the fuzzy similarity measures Sp in (3) with p = k/lO, k =
0 , 1 , . . . , l o , we determined the (26 x 26)-matrix
of overall similarities between the pairs of trees.
Next, we calculated the M-transitive closure of
the matrices and derived the associated partition
tree [lo]. The granularity of the clusters in the
partition tree then gives an indication of how sensitive the fuzzy similarity measure Sp is for comparing nearly similar trees. It has been observed
that measure So shows the finest granularity and
that the coarsest granularity appears at the other
end with measure S1.
In another test setting, we made use of three sets
of five trees each, essentially differing one from
another with respect to the number of different
labels occurring in the sets. On each of the three
test sets the same procedure as explained before
has been carried out. Hence, for each of the test
sets and for each Sc,used, a partition tree was generated. It has been found that for the set of trees
carrying more or less the same labels, the topology of the partition trees remains invariant with
respect to p. On the other hand, for the test set
containing trees that share less labels, it has been
observed that the topology of the partition tree
changes significantly when moving from p = 0 to
p = 1. Note that this is in agreement with what
might be intuitively expected, since with increasing p the similarity measure S more predominantly takes into account the lacel context.
Yet another test aimed at verifying the robustness of the method against variations in the way
of attributing weights to the internal nodes of a
given tree. In fact, we considered two schemes
for modifying the given tree such that all its leafnodes are at the same distan-ce from the root. For
a fixed similarity measure Sp! it was found that
the different methods of attributing weights induce variations of the similarity coefficient within
a 10% range. Also, changes in the order of similarities only occur when these similarities are initially very close. It follows that the proposed
method is sufficiently stable with respect to these
variations.
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Conclusion

A new method for comparing ordered or unordered leaf-labelled trees has been introduced.
The method proves to be robust and can be
efficiently implemented to run in 0 ( m 2 ) time
where m denotes the cardinality of the label set.

It remains to be investigated how the proposed
method can be generalized into a tool for comparing non-rooted trees and more general graphs
as well. Also, the method could be adapted for
obtaining instead of a degree of similarity a degree
of inclusion between given trees, a coefficient that
is relevant for retrieval algorithms in phylogenetic
databases [4].
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